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ABSTRACT

L-1.4 is a program designed to deal with the specification of the functional
form in the generalized single-equation regression model when the functional
form of the heteroskedasticity of the residuals,which may also be autocorrelated,
is fully analysed. Fixed or estimated parameters in the Box-Cox transformations
can be associated with the dependent and groups of independent variables, which
may be simultaneously modified by a chosen autocorrelation structure in which
the autoregressive parameters are estimated, and by a selected functional form
of the heteroskedasticity in which the different parameters can be either fixed
or estimated. The asymptotic covariance matrix of all the parameter estimates
of the system is computed. A number of useful outputs, including elasticities
of the expected value and standard error of the dependent variable, as well
as forecasts made by simulation and maximum likelihood techniques and their
elaborate statistics, can also be obtained.

Keywords: Box-Cox Regression, Generalized Heteroskedasticity, Multiple or-
der Autocorrelation, Maximum Likelihood Estimation, Time series,
Cross-sections, Elasticities, Maximum Likelihood Forecast.

RESUME

Le programme L-1.4 est deséim I'etude de la forme fonctionnelle du
mockle de égression multiple lorsque la forme de 8trosé@édasticié des er-
reurs, qui peuvent ausstre autocorr@és, doit aussetfe analyeé en pro-
fondeur. Le programme permet de fixer ou d’estimer les patds dans les
transformations Box-Cox appligesa la variable dpendante et aux groupes
de variables indpendantes, d’estimer conjointement les pataes d'une struc-
ture d’autocorglation choisie et finalement de fixer ou d’estimer lesé&éhts
parangtres assoés a la forme de I'létrosédasticié des erreurs. La matrice
de covariance asymptotique des estimations de tous ces giaeanest calcel.
La proc&dure permet aussi de faire un certain nombre de calculs utiles, dont
celui deselasticigs de I'espfance matbmatique et de écart-type de la variable
dépendante, ainsi que celui deepisions obtenues par desthddes usuelles de
simulation et par une nouvelleéthode du maximum de vraisemblance.

Mots-clés: Régression avec Box-Cox, é#ros@&dasticieé gerérali®e, Auto-
corrélation d’ordre multiple, Estimation du Maximum de Vraisem-
blance, ®fies chronologiques, Coupes transversales, Elasjcit’
Prévision par Maximisation de la vraisemblance.

OTHER TRIO DOCUMENTATION AND ORDER FORM . . . . . . . See last two pageq
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INTRODUCTION 1

INTRODUCTION

In applied regression analysis, the most important aspect in model specification is the choice of the
functional forms of the dependent and independent variables. As Zarembka (1968) has noted, economic
theory rarely indicates the appropriate forms under which the variables should appear, except for the signs
of the regression coefficients which are expected to be positive or negative according to the assumptions
made on the economic behavior of the dependent variable with respect to the changes of the explanatory
variables. The three classical forms often encountered in econometric studies are the linear, semilog
and log-linear forms due to their computational ease with a standard regression computer package. One
way of letting the data determine the most appropriate functional form is the use of a class of power
transformations considered by Box and Cox (1964). The main advantage of this approach is that statistical
tests can be performed on the Box-Cox parameters to discriminate the estimated functional forms against
the classical forms which all appear as special cases of the Box-Cox transformation. Early applications of
this transformation can be found in various fields of economic analysis: monetary economics [Zarembka
(1968), White (1972), Spitzer (1976, 1977)], income analysis [Heckman and Polachek (1974), Welland
(1976)], production theory [Appelbaum (1979), Berndt and Khaled (1979)], and transportation [Kau and
Sirmans (1976), Hollyer et al. (1979)].

The assumption originally made by Box and Cox (1964) that the transformation, in addition to its
main purpose of choosing the appropriate functional form, also renders the distribution of the transformed
dependent variable nearly normal and homoskedastic may be unrealistic, since in the case where the
residuals are heteroskedastic, Zarembka (1974) has shown that the estimated Box-Cox parameter on the
dependent variable will be biased due to the effect needed to make the transformed dependent variable
more nearly homoskedastic. To deal with this problem, models which estimate the flexible functional
form by allowing for the simultaneous correction of heteroskedasticity have been proposed by Gaudry and
Dagenais (1979) and Egy and Lahiri (1979). Another important case is the problem of autocorrelation
of residuals which usually exists with time-series data: Savin and White (1978) have considered the
simultaneous estimation of the functional form and the first order autocorrelation, and Gaudry and Wills
(1978) have extended the approach to multiple order of autocorrelation.

Generalizing the procedure for a first autocorrelation order outlined in Gaudry and Dagenais (1979)
to incorporate a higher autocorrelation order simultaneously in the estimation of the functional form
and heteroskedasticity, this computer program performs for a single regression equation the maximum
likelihood estimation of the functional forms of the dependent and independent variables with the Box-
Cox Transformation (BCT), and the functional form of heteroskedasticity with the Inverse Box-Cox
Transformation (IBCT) in which the variables used to explain the error variance are themselves subject
to BCT. Further details of the general procedure for a higher autocorrelation order are also given in a
working paper by Gaudry and Dagenais (1978).
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2 STATISTICAL MODEL

1. STATISTICAL MODEL

1.1 Log-Likelihood Function
*Model
Following the approach considered above, for a sample observations the regression equation with

a flexible functional form of the dependent and independent variables and a generalized structure of
heteroskedasticity and autocorrelation of the residuals can be written as:

K

T A T g
k=1

Ut = Utf(Zt)l/zv (2)

vy = E PeVi_s + We, (3)
/=1

where

— the dependent variablg; and the independent variables,,’s are subject to the BCT which is
defined as a power transformation with a parameaten any positive real variabl&;:

N _J (V=1 /x if A£0,
Yi —{mm it A= 0, @
with the corresponding inverse function IBCT:
o ) yAr
pT 2 { {/\Vt n 1} if A\ £ 0, 5)
exp (V) if A =0,

where the expression in square brackets must be positive,

— the first-stage vector of residuals= {u.} is assumed to be heteroskedastic with m&an) = 0 and
covariance matrixt (uu') = @ = diagwiy, ..., wnn ) Wherew;, = E(u?) = E(v}) f(Z;) andf(Z;)
is a function of a vector oM variables,Z; = (Z14, ..., Zu+ ), used to explain the variance of. Note
that these variables can be chosen from the set of independent varighle®r totally exogenous,

— the second-stage vector of residuals {v;} is assumed to follow a stationary autoregressive process
of orderr, with meanE(v) = 0 and covariance matri¥’(vv’) = 02 ¥, whereo? = E(w}?) and ¥
is a symmetric matrix of order, whose element can be expressed in terms opite

— and the third-stage vector of residuals = {w.} is assumed to have a medf(w) = 0 and a
covariance matrixt(ww’) = o2 1, whereo? is the variance ofw, and I, is an identity matrix
of order n.

In (1) it is clearly understood that some of th&.;’'s, such as the constant, the dummies and the
ordinary variables not strictly positive, cannot be transformed by BCT.

In (2) the functional form of heteroskedasticity ffifZ; ) is assumed to be an IBCT with a parameter
A, applied to a linear combination of the variablgs;’s which are themselves subject to BCT:

M 1/ A
f(Z) = {Au bo+ > 62y | + 1} (6)
m=1
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STATISTICAL MODEL 3

Hence the variance of; associated with a typical diagonal elementtbtan be expressed as:
E(“?) =W = ¢2f(Zt)
1/
7
:¢2{Au 50‘|‘E‘5mz7(7{\tzm) -I-l} ")

where the expression in curly brackets must be positive since it is associated with a variance. The
constantd, andi are necessary to preserve the invariance with respect to changes in measurement units
of the Z,,:'s [Schlesselman (1971)].

The form (7) is quite general since it includes a great number of special cases encountered in empirical
studies and fully discussed in Judge et al. (1985):

— Setting A, equal to zero yields a first form of heteroskedasticity:

_ Pexp [z iz | = 327 ®

Gy = Yrexp

bo+ > b2y

where ¢? = P2exp(6o) and f(Z,) = exp[z 6mZ£jtzm)} .

This form is commonly called “multiplicative” heteroskedasticity sirfrﬁéﬁ) can also be expressed
as a product of M exponential functions, or equivalently the logarithm of the variandse a linear

combination of theZﬁj;m)’s:

Gy = 07 H exp {6m Z;r?t’m)} 9)

@by =mg? + 3 6,250 =60+ Y 6,25 (10)

wheredy = Inv? = Inyp? + & .
Harvey (1976) considered a special case of (9)-(10) where evgryis set equal to one:

~ =2
Og = P2 H exp[0,(Zpe — 1) = H exp(0m Zmt) (11)

m.

& Indy, = 6 + E S ( Ty — 1) = b0 + Z i Zmt (12)

=2 ~ P ~
wherey = ¢2[Jexp(—é,,) andég = 8 — >, 6, -
Another specialmcase of (9)-(10) can be obtained if every is set equal to zero:

Wy = {EQ H exp(0,InZ ) = QZQ H Zgﬁ (13)
=4 111@“ - hl QZQ ‘|‘ E 6m hl th = 50 ‘I’ E 6m hl th (14)

which was considered by Dagum and Dagum (1974). The univariate case (M=1) has been often used
in practice, for example in Geary (1966), Park (1966), Kmenta (1971) or Glejser (1969) who has
proposed in his test for heteroskedasticity specific values sfich as 2, 1, 1/2, —1/2 and -1 to give

what he called “pure” heteroskedasticity.

MODEL TYPES, Version 1.0 L-1.4 April 6, 1993



4 STATISTICAL MODEL

— A second form of heteroskedasticity corresponds to the case whefe0. An important case found
in the literature [Hildreth and Houck (1968), Theil (1971), Goldfeld and Quandt (1972), Froehlich
(1973), Harvey (1974), Amemiya (1977)] corresponds to the special case wWhened everyh.,,
are set equal to one, i.e. where the variangels assumed to be a linear combination of thg;'s

Wy =

6O+Eé i —1)+1

= (60 — Y bmt 1) + > U Lt (15)

= 50 + Egmzmt

where ¢, = 12 <60 =S b+ 1) andé,, = 126,,.

For the univariate case (M=1), Glejser (1969) considered the cases Wherd and 2 withA,; = 1,

and also the subcases which he called “mixed" heteroskedasticity correspondipg-td and 1/2

Due to the positivity constraint on the diagonal element$2dh the special form (15) as well as

in the more general form (7) with,, # 0, it is hard to estimate thé-coefficients and\-parameters
without violating the constraint, as experienced in preliminary tests with an earlier version of our
computer program. Therefore, in this program version, we will only consider the first form of
heteroskedasticity (8) with,, = 0 which still includes a great number of interesting cases.

sLikelihood Function

Before considering the likelihood function for the obser¥e, it is convenient to rewrite the model (1)-
(2)-(3) into a more compact form where various expressions which will be frequently used throughout
the manual will be defined.

The equation (3) for the residualgs can be expressed as a function of the residugtsgiven in (2):

1/2 E’W I 7 T (16)

t—4
where f(Z;) = f(Z;) following (8).
Replacingu; which is derived from (1) aYt(’Xy) -> ﬂkX,if”) andu;_, by an analogous expression
k
in ¢t — ( yields:

y (Aek)

Ztl/z Eﬂk Z1/2 E’O 1/2 Eﬂsz’ﬁ Zktf W

t
- Eﬂkat = E PﬁYt—z - Eﬂk E peXp e+ wy
k ¢ k ¢
whereY; = VM /f(2,)% and X3, = X))/ £(#,)'/*. The corresponding expressions for ¢ are

obtained by replacing by t — ¢
The resulting form (17) can be more compactly rewritten as:

- EPZYt*_g = Eﬁk (X;;t - EpﬁX;,t—£> + wy
‘ k ¢

e = S BXG 4w
k

(17)

(18)
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STATISTICAL MODEL 5

whereY;* = Y7 — ¥ pe¥y, and Xj7 = Xi, — S piXp, .
I3 4

Assuming that the residuals;’s are independently and normally distributyc(o,afu) and dropping
the firstr observations to simplify the procedure for higher order autocorrelation, i.e. assuming that the
first observations oy, are given, the likelihood function associated with the last » observations on
Y, can be written as follows:

(19)

- 1 w? \ | Owy
L= ex <——t> —
t:lg—r V 271—0—30 ! 20‘3} 8)@

where the residuab; is given by (18) as’;* — > 5, X, and the jacobian of the transformation from
k

w, to the observed is: |dw,/dY;| = Y, 7'/ f(Z)? .
The corresponding log-likelihood function is:

N 1 1
L:—Eln(%rai)—th:w?—§ztzlnf(zt)+(/\y_1)zt:1nyt (20)

where N = n — r and the indext for the summation runs from + » to n. Note that this function

1

depends on all the parameters of the modHl:= (3',02,),,\.,A.,é,p')" whereo? and ), are
scalars, andi, A, A., 6 and p are the column vectors associated with thes, A..'s, A..’S, 6,.'S
and p,’s respectively.

*Concentrated Log-Likelihood Function

Since the model (18) rewritten in terms of the transformed variabBfesand X;;’s is just linear in

the 3-coefficients, we can concentrate the log-likelihood function ondifie andc?, by setting the first
derivatives of the function with respect to these parameters to zero and solving for their values which
will be replaced in (20).

In matrix notation, the compact form (18) can be expressed as:
Y™ = X"+ w (21)

where in view of (19) and (20)y ** is a column vector containing the ladt observations X** is an
(N x K) matrix, 8 is a(/& x 1) vector of coefficients and is an(N x 1) vector of residuals.

Using (21) to replac&_ w? in the log-likelihood function (20) byw'w, the first derivatives of the

t
function with respect tg3 and o2 are given by:

aL 1 ow'w 19V~ - XY

ap 202 0P o2 ap ( 2
1 w w 1 (22)
oL N 1 n 1,
do2 202 20‘wa v
(23)
— 1 1 !
= E —-N + %w w ) .
By equating these two derivatives to zero and solvingfanda?, we obtain:
~ 1 -1 J;

MODEL TYPES, Version 1.0 L-1.4 April 6, 1993



6 STATISTICAL MODEL

Replacing by 4 in (25) gives a value of2 in function of 3
1 N .
=2 _ = ok *ok Kok *ok
52 = (Y X ﬁ) (Y X ﬁ). (26)

Substitution of and a2 in L yields the concentrated log-likelihood function:

N N, 1
L=-5+(2n)] - 5 1nof - 5;111]@(@) + (A, — 1)Et:hm (27)
which now depends only ofil = (X,,\,,A.,8,p")".

1.2 Computational Aspects
*Maximization Procedure

The Davidon-Fletcher-Powell (DFP) algorithm [Fletcher and Powell (1963)] is used to maximize the
concentrated log-likelihood functioh with respect tall = (A, A,, AL, 8", p')".

The gradient ofL which is used in DFP can be written as:

awt doln f(Z,) O(Ay -1)
75 =3 e _ InY, (28)
o o
where
Jwy I S 5 __r oy (29)
aN, f(Zt)l/Q aN, - f(Zt_g)l/Q aN,
1 ox! gx =)
Ou — __p, - b (30)
sk ARG [(Zin)'? DA
Nom
Jwy _ —lé Uy 8Z7(r?tzm) _ E Pels_yp 3an¢_; (31)
8A2’m N m f(Zt)1/2 8A7m 7 f(Zt_é)l/Q 8A7m
dwy Uy (Nom) potis—g (A )]
= |2y =y g e (32)
06, 2 f(Zt)l/Q i - f(Zt—é)l/Q =1
dwy _ Uty
a—m - f(thg)l/Q (33)

MODEL TYPES, Version 1.0 L-1.4 April 6, 1993



STATISTICAL MODEL 7

1 Z Z(/\Hn) _
0 na{[( ) 5 88;“ if ;= A, (34)
A if I; = 6,5,
Ay — 1) 0 if T # A,
oTL; 1if I = A, (35)

The derlvatlvesﬁY /8/\ in (29), 8Xk Aot) /A In (30) andé?Z /6?/\Zm in (31) and (34) as
well as their lagged expressions are computed by the generic formula

) LivAia v, — v if A £ 0,
oV, {/\{ t t t # (36)

OA L2y, if A = 0.

*Asymptotic Covariance Matrix of the Parameter Estimates

At the maximum point ofZ, hence L, the asymptotic covariance matrix of all the parameter estimates

1 is evaluated by the method of Berndt et al. (1974). The log-likelihood fundtian (20) can be
rewritten as a sum ok individual log-likelihood functions associated with each observation

L= Li=Y [—%m (2m02) — wa - %m f(Z)+ (N, — DY, (37)

2
- 202

where I, is the log-likelihood function corresponding to the observation t and is equal to the expression
in square brackets.

The asymptotic covariance matrix oF is given by:

= _ 8[/15 8Lt -
Var(TT) = |3 Gt g | (38)
where the column vectod L, /91l has the following form:
oL, 1 902 10(wi/ol) 10Wnf(Z) 9\, —1)
90T 2z om 2 om 2 om T om Y (39)
with
do? 0 if I; # o2,
3T, = (40)
' 1if I, = 0-1207
2wy Qwy
if I; # o2
ofwt/et) | oom "7 a
o1l w? : 9
1 |f Hz = 0.,
Uw
Jw . =
Ouws _ { o, =1L 42)
ot s
—X;; if 11, = ﬂk
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8 STATISTICAL MODEL

Note that the derivative8w, /011, in (41) for the typical elements dfl are already given in (29)-
(30)-(31)-(32)-(33). Sincg(~;) is a function of the\.,,,’s andé,,’s only, the derivatived In f(Z,;)/01l;
is also given in (34) fodl; = 1I; = A.,,, andé,,. Finally the derivatived(A, — 1)/01L; is equal to zero
if II; # A, and one ifll; = A, as in (35).

*Scaling of the Variables

Although at the initial and final steps of the maximization/gfall the outputs are given in terms of the
original units of the variable¥;, X,; andZ,,;, an automatic scaling of these variables is performed during
the iterations to avoid numerical problems which can slow down or inhibit the convergence process.

Each variableV; is scaled as follows:

Vi=g.Vi (43)

where V; represents;, Xj; or Z,. in their original units, andy, is the scaling factor of the form

- [tog (maxtvit) | o | .
10 [ s in which the square brackets indicate that the greatest integer is being taken for the
expression inside.

In general, the3 and é-coefficients and their unconditional t-values computed from (38) are not
invariant with respect to the scaling &f, X;; and Z,,¢, but theA,, \,, A\. and p-parameters as well
as their unconditional t-values remain invariant. Note that the concentrated log-likelihood fuihgtion
hencel, and the error variance?, are affected by the scaling af; only. Therefore the concentrated
log-likelihood values which are listed in terms of the scaled unit¥;ofluring the iterations would not
be the same as if they were in the original unit&’gfunless the scaling factor &f happens to be equal
to one for a particular data set. When a test for stability of #hepefficients over various data sets is
performed in terms of the log-likelihood values or the error variance estimates, these quantities must be
in the original units ofY;, or more generally in a system of units which is common to all data sets used.

*Constraints on the p-parameters

Strictly speaking, the autocorrelation paramegers in (3) must satisfy a very large number of conditions
to ensure stationarity in an autoregressive process of etdEor simplicity, a constraint-1 < p, < 1
on everyp, is implicitly introduced by using the Fisher'stransformation:

1
Zg:—lnl—l_pg
2 I=p

(—00 < 2y < 0) (44)

with the corresponding inverse transformation= tanh z,.

This parameter change from to z, implies that the maximization of is performed with respect to
the z-parameters. Therefore, during the iterations thealues are listed instead of thevalues which

are only given at the convergence bfwhen all the estimated parameters of the mddedre printed
with their standard-errors and t-statistics.

The derivative of, with respect to each z-parameter is computed as follows:

oL _ 0L op:
82’@ N 8,0@ 82@

wheredL/dp, is already given in (28) and (33), amith,/dz, = sech?z; = 1 — tanh? z, = 1 — p?.

(45)

1.3 Model Types

Four types of Box-Cox regression models can be specified using the different options available in the
program:

MODEL TYPES, Version 1.0 L-1.4 April 6, 1993



STATISTICAL MODEL 9

1. BC
This model type only includes the Box-CoBQ) transformation on the dependent and independent
variables in the regression equation (1) without considering the problems of heteroskedasticity and
autocorrelation for the residuats’s and v,’s respectively. The parameters involved a@rer?, A,
and A\, where the variances af;, v, and w; are all identical;

2. BC-HE

This model type extends the previous one to the case where the functional form of HEteroskedasticity
(HE) of the first-stage residuals,’s, f(Z;) = exp >, 6mZ£j;’") , Is specified simultaneously with

the BC transformation on the dependent and indgpendent variables. The additional parameters to be
considered are the, andé-vectors which are involved ifi( Z;). Since the problem of autocorrelation
of the residualsy’s is not considered, the variance ©f remains identical to the variance of, but
the latter is different from the variance of;
3. BC-GAU

This model type allows for a Generalized AUtoregressi@A) structure of the second-stage
residualsy,’s, to be estimated jointly with the BC transformation on the dependent and independent
variables, while the first-stage residuajss are assumed to be homoskedastic. Onlygtparameters
are added to the set of parameters already included in the BC model. Hence the variands of
different from the variance of;, but the latter is identical to the variance @of;

4. BC-GAUHE

This model type corresponds to the general case where the first-stage regjtuaie assumed to be
heteroskedastic with a functional forifi{ Z,) and the second-stage residuals follow a stationary

1

autoregressive process of orderAll the parameters of the moddl, = (8,02, A, AL, AL, 6, p'),

w

are simultaneously estimated. Therefore the variances,af; and w; are all different.
The BC—GAUHE model type includes all the first three as special cases provided that:

i) The same set of dependent and independent variables, Y and X, is used for the estimation of
the parameters, with the same set\gfand A -parameters being estimated or fixed across
the four model types. For example, Af, or some of the\ -parameters are fixed at zero,
then the same constraints should be retained across all the model types;

ii) The same set of variables Z is specified in the functional form of heteroskedasticity for both
BC-HE and BC—-GAUHE, with the same setbf andé-parameters being estimated or fixed
in both model types. For instance, if eveky,, is set to one, then the same constraints
must be used in both;

i) The same structure of the autoregressive parameters is estimated for both BC—-GAU and
BC—-GAUHE so that the simpler model type is nested in the general model type. For
example, if BC—GAU includes three estimategharameters of orders 1, 4 and 12, then the
same structure should be preserved in BC—-GAUHE.

Note that the BC—HE and BC—GAU model types are completely different since they are based on
different assumptions on the structure of the residuals, hence they cannot be compared between each
other, although the simpler BC model type is nested in both provided that the condition (i) is satisfied.

1.4 Model Estimation

Since the four model types presented above are by increasing degrees of nonlinearity in the parameters as
the specification of a model under study is allowed to be more and more general by relaxing the constraints
on the parameters of heteroskedasticity or autocorrelation or both with respect to the BC model type, a
normal procedure to succeed in estimating all the four model types can be suggested as follows:

Start the estimation of the model with the BC type. If the number of independent variables is too large
to allow for a distinct BC transformation on each variable, regrouping all the variables which can be

MODEL TYPES, Version 1.0 L-1.4 April 6, 1993



10 STATISTICAL MODEL

transformed by Box-Cox into a few main categories and specifying)grparameter for each category
of variables will reduce the number of estimateg-parameters.

The program includes two types of constraints on Aheand A .-parameters:

— A, and any) -parameter can be fixed at a constant value instead of being estimated. This type
of constraint permits specially the estimation of the classical functional forms such as the linear,
semilog and loglinear forms: for example, settihg equal to zero and every,-parameter to one
yields the semilog form;

— A, can be set equal to one of the estimatedparameter. This type of constraint is useful in
particular for the case where the model is specified with only one estimapstameter common
to all the dependent and independent variables. This form can then be compared to the linear and
loglinear forms considered above.

To improve the specification of the model, three special options are available:

— Detection of multicollinearity among the independent variablesvith the correlation matrix and
specially with the regression coefficient variance decomposition proportions based on the spectral
decomposition ofX’ X in terms of the original and Box-Cox transformed variables (Section 3.1);

— Graphical analysis of the estimated residualswhich are plotted by increasing values against a
variable Z,, that is thought to explain the variance @f in the case of heteroskedasticity which can
arise not only with the cross-section data but can also be induced by the BC transformation on the
dependent variable even with the time-series data (Section 3.2);

— Statistical tests of the estimates of the autocorrelation function and the partial autocorrelation function
at different lags of the residualg,’s for large time-series samples in order to detect the most
significant orders of autocorrelation (Section 3.3).

[Step 2
Proceed with the estimation of the model according to the results of the analyses previously made:

— If the problem of severe multicollinearity among a group of independent variables exists, then it
should be first treated before considering the problems of heteroskedasticity and autocorrelation:
some of the variables must be dropped from the regression equation (1) or replaced by their proxies,
i.e. the variables which are used to explain essentially the same phenomena as the original variables,
but which are less collinear among themselves. The model with a new specification of the variables
is reestimated following Step 1. The whole process is repeated until a satisfying set of independent
variables is obtained.

— If only the problem of heteroskedasticity is the most serious, then different types of the “multiplica-
tive" form of heteroskedasticity in (8) can be tried using the BC—HE model type since the program
allows the),-parameters and thiecoefficients inf(Z;) to be estimated or fixed at a constant value.

At the end of each estimation, the first special option can be used again to detect multicollinearity
among the Box-Cox transformed independent variables corrected for heteroskedaSticiwmd for
time-series data, the third special option can also be used to analyze the structure of autocorrelation
of the estimated residualg’s. This will allow us to proceed further with the estimation of the model
using the BC—GAUHE type if autocorrelation is present.

— If only the problem of autocorrelation is important, then using the BC—GAU model type is sufficient
to improve the specification of the model.

Note that at the end of each estimation with the BC—GAU or BC—GAUHE model types where the
correction for autocorrelation has been applied with a chosen set of estipw@dmeters, a further
check on the estimates of the autocorrelation and partial autocorrelation functions will indicate whether
the estimated residuals; behave approximately as a white noise or other autocorrelation orders remain
to be corrected for.
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2. ESTIMATION RESULTS

2.1 Expected Value of the Dependent Variable

Following our approach in which the dependent varialjlés assumed to be censored both downwards
and upwardss < Y; < v, wheres andv are respectively the lower and upper censoring points common to

all observations in the sample, the generalization of Tobin’s model (1958) to a doubly censored dependent
variable yields the following expression for the expected valué&’;of

we(e) wi(v) 0
B = [ gttt [ Yiwipwidoty [ pw)de (46)
—o0 we(e) we(v)

where
— ¢(w) is the normal density function af with zero mean and variance’,:

1 w?

— Yy(w) is a function of w:

173,
LS (S i+ S B 4 o) | ), £0.
I k
Yi(w) = (49)

exp f(Zt)l/z (;pg%+§ﬂkX;j+w)] if A, =0,
— and the generic formula fow,(¢) and w,(v) is:
gv -1 ] ” |
NI %:MYH - Ek:ﬂkat if A, # 0,
wi(§) = ¢ Ly (49)
W—%}pgﬁ—;ﬂﬂg if A, =0.

Depending on the sign of the BC parameigr three distinct cases can be derived fofY;):

AV

If ¢ and v tend towards O andw respectively, following (49) the limits ofv;(¢) and w:(r) can be
obtained as:

1

wy =limwy(e) = ————— — Yo, - Br X, 50
¢ = #(€) /\yf(Zt)l/Q %:Pf =1 zk: BNk (50)

and lim w(v) = oo.

Hence the first and last terms in (46) disappear and the expected valyeeaduces to the second
term which can be written as:

E(Y) = [ Viw)e(wido. (51)
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Ay =0
If ¢ andv tend towards O ando respectively, theﬂlﬂ(l) wi(e) = —oo and 111% wy(v) = oo. Hence the

first and last terms in (46) disappear and the expected valug oéduces to the second term which
can be written as:

[oe]

B = [ Viwietwldv. (52)
X, <0
If ¢ tends towards O, thehr% wy(e) = —o0, and the first term disappears. Before taking the limit of

w(v) asv tends towardsc in the last two terms of (46), the expected valueYpican be expressed as:

wt(u) %)
B = [ Yiwletwidw v [ ewide, (53)
—a wi(v)

If v tends towardso, the limit of wt(y) has a finite value:

lim wy(v) =

1/.—>oo - A f Zt 1/2 Epﬁift £ EﬂkX : (54)

o0

Hencelim » [ ¢(w)dw does not exist and’(Y;) does not have a finite value. In this case, it is
V—00 (1/)
still possible to obtain an approximation &f(Y;) for every observation provided that the user selects
a large value o/, sayv, such that the probability thaf, exceeds this upper limit will be negligible,
i.e. given the values of*, X;* and Z, in w(7), the value of(Y;) will be much smaller thaw. The
value of v can be chosen very approximately without affecting the numerical precisidn Bf). By
default, the program will generate a value:ofdetermined as follows:

7 = min {meXYt 1 100, (—0.8%&,)1/“} (55)

whereo, is the sample standard error Bf ando,, and A, are evaluated at their estimated values. Note
that if A, is fixed at a certain value in an estimation run, then this value will be used.

For the three cases df,, the integrals corresponding to the second term in the general expression of
E(Y;) are numerically computed using the Gauss-Legendre 32-point quadrature. As a sample measure
of the degree of numerical approximation b{Y;) for the two cases\, > 0 and A, < 0, the mean
probability of Y; in the sample to be at the lower limitif A, > 0 or at the upper limitv if A, < 0
is also computed:

Pr(Y,<e)= Nz/ w)dw (A, > 0) (56)
and
1
Pr(Y, > v) = Z/ w (A, < 0) (57)
1
w(v)

where the integrals involving just the normal density functiofiv) are computed with the formula
26.2.17 in Abramowitz and Stegun (1965). A valuelof(.) lower than 1% indicates that the sample
contains practically no limit observations.
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2.2 Goodness-of-fit Measures

Two goodness-of-fit measures which indicate the accuracy with which a specified model adjusts to the
observed data are given in the program: g measure is computed with the expected valué’of

derived in the previous section and t# measure is based on the likelihood ratio test statistic

Since both measures are just nonlinear extensions of the standard linear regression case, they are called
pseudo— k? measures. Two types of values — unadjusted and adjusted for degrees of freedom — are
computed for eactiz? measure. Only the adjusted type is valid when comparing non-nested models.

Pseudo-(E)- k?

— unadjusted:
>V - E(Y))
R, =1--1 - (58)
> (Y -Y)*
13
— adjusted:
_ N -1
R =1~ m(l—R%) (59)

where K* is the total number of estimated parameterdlinwhich includes all the3-coefficients and

a set of more or less restrictéd, , \,., A., 6 p) depending on the specification of the model considered.
Note that both types can give a negatiké value since in the nonlinear cag&Y;) is no longer equal

to the fitted valueY; as in the standard linear regression case, so that the sum of squares of residuals can
be greater than the total sum of squares’pin deviation around its sample meah

Pseudo-(L)- k?

— unadjusted:
R} =1-AYN (60)
— adjusted:
_ N -1
2 B _ p2
Ri =1 ~ (1-R3?) (61)

whereA is the ratio of the likelihood functiod when maximized with respect to the regression constant
Bo only, to the one with respect th* as defined above:

A:I%ilxﬁ/rrﬁa*xﬁ. (62)

Unlike R3 which can be negative, th87 measure always remains inside the interval 0-1 since
the maximum of{ associated with3, — which corresponds to the most restrictive model where no
independent variables except for the constant term are specified, the dependent variable is in linear form,
and the problems of heteroskedasticity and autocorrelation are not considered — is necessarily smaller
than the maximum associated wikh which includes less restricted parameters.

Note that for the standard linear regression césg= A, = 1,Vk) without heteroskedasticity
(6 = 0,VA.) and autocorrelatiorip = 0), the two measures®? and R%, hence their adjusted forms,

coincide sinceA?/N reduces to the ratio of the unexplained sum of squares to the total sum of squares
of Y; in deviation form:

, Et) ( - 1Aft**)Q Yt,\y—l —2/N zt: (Yt - fft)Q
A2/N ST —Y)Q zt: f(Zt)1/2 - > (v, —)7)2 (63)

t

wherefft** is the fitted value ofY;™.
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2.3 Elasticities and Derivatives of the Dependent Variable
Two types of elasticity are computed in the program:

1. The first type of elasticity, denotedlﬁ§ is defined in terms of the sample value}ef it measures
the percent variation of the dependent variabledue to a percent variation of an independent
variable X;;, given all the other independent variabl&s,;’s as well as all the variableg,,;’s
(Zmt # Xj1,Ym) in f(Z,) fixed at their observed values.

2. The second type of elasticity, denotedt@@ which is more relevant since the model is nonlinear
in Y;, is defined in terms of the expected value}@fderlved in Section 2.1.

When heteroskedasticity is present, two types of elasticity, narﬂ%l and £ , can also be
computed with respect to a heteroskedasticity variablg specified in the functlonf(Zt) Two
specifications of the variablZ,,; should be considered:

1. The variableZ,,; specified inf(Z,) is also used as an independent variaklg.
2. ltis only specified inf(Z:), not elsewhere.

By definition, the elasticity can be evaluated for every observationthe sample. To obtain an
overall value of elasticity for the whole sample, it is usual to compute the measure at the sample means
of ¥}, Xy and Z;. In the program, two sets of observations are used to compute the sample means:

— the total set used for the estimation of the parameters, namely the observatioris+ r,...,n,
which will give the elasticity for the whole sample;

— the subset including the last observations from the total set, which can be specified by the user: for
example, 12 last observations can be selected for a monthly time-series to compare the elasticity of
this period to the overall value for the whole sample.

*Elasticities in terms of the Sample Value ofY;

The sample value of; has the same form ag(w) in (48), but withw replaced byw;.
The elasticity of the sample value Bf with respect to an independent varialdle; can be written as:
. X,
X T 0X Y,

_ %(ﬂj){jﬁ +Gx,,) (64)
i

where

0 if f(Z;)is not a function ofX ;;,

Gx,, = (65)
L6, 2 F(Z)* 4, -5 ﬂkX,(ﬂ?”)} if f(Z;) contains oneZ,,,; = X ;.
k

and A; = Egpgift*_g + EkﬂkX]:;(

Similarly, the elasticity of the sample value bf with respect to a heteroskedasticity varialdlg;
which appears only inf(Z;) is as follows:

s . a)/t th . Gth

It 0y Yoy

(66)

where Gy, = L6, 2% | ()24, = ¥ X
k
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*Elasticities in terms of the Expected Value ofY;

Using £(Y;) in (51)-(52)-(53) depending on the value &f, the elasticity of the expected value of
Y; with respect to an independent variable; can be written as:

OE(Y:) Xt 1 / 123,

= Yi(w X .+ Hx, d 67
X T = Ty | T B )] ede @)
where R,, is the integration domain of : [w}, o], [—oc, 00] and [—oo, wy(v)] if A, > 0,A, = 0 and
Ay < 0 respectively, and

e _
Eth =

0 if f(7;)is not a function ofX;.,

Hy  (w) = (68)

Lo 200 | F(Z0) (AL + w) — ;mxgjm] if /() containsZ,,,; = X;.
Likewise, the elasticity of the expected valuelgfwith respect to a heteroskedasticity variallg,

which appears only inf(Z;) is as follows:

By = G gt = o [ D) ™ i (et 9)

w

k

*Derivatives of the Dependent Variable

The derivativesD%, = = 0Y;/0X;:, D5 = 0Y:/0Z,:, D%, = 0E(Y:)/0X;; and D =
OE(Y})]0Z WhICh are implicitly given in (64), (66), (67) and (69) for each observatiane also com-

puted at the sample means of the variables corresponding to the total set and the subset of observations.
For a nonlinear model, these derivatives are more relevant for comparing the different specifications of
the model than thej-coefficients themselves.

*Corrected Elasticities for a Quasi-Dummy and a Real Dummy

The concept of a derivative, hence an elasticity, strictly implies that an independent variable is of
continuous type. Since all the independent variables specified in a model may not be necessarily
continuous, a classification of the variables into four categories is needed to allow for the correction of
the elasticities for the positive observations of two categories of variables, namely the “quasi-dummies”
and the real dummies:

Category 0 Continuous variable which is strictly positive, hence can be transformed by Box-Cox.

Category 11 Any continuous variable which is not strictly positive, hence cannot be transformed by
Box-Cox.

Category 2 Quasi-dummy, i.e. a continuous variable containing only positive and null values, for
example the level of snowfall per month, which is positive in winter, but null in summer. Strictly
speaking, this type of variable cannot be transformed by Box-Cox due to the null values, but if a Box-
Cox transformation is absolutely necessary, then only the positive observations of the quasi-dummy are
transformed. Since the null observations cannot be transformed, an associated real dummy, which has
a value of 1 for the positive observations of the quasi-dummy and a value of 0 otherwise, must also be
created and specified in the regression equation.

Category 3 Real dummy which has only two values: 0 and a positive constant, for example a binary
(0 — 1) variable such as sex (0 for male and 1 for female), or a dummy associated with a quasi-dummy
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defined above. Unlike a quasi-dummy, a real dummy cannot be transformed by Box-Cox since all the
values of 1 will be reduced to zero, if they are transformed with any value of the Boxx@axameter,
so that the transformed real dummy will contain only null observations.

The correction of the elasticities for the positive observations of a quasi-dummy or a real dummy is
made in a separate program callBABLEX , which allows the user to present the estimation results from
various specifications of a model in a table for ease of comparison among the coefficients, the parameters,
the elasticities, the log-likelihood values, etc., specially when the model includes a great number of
independent variables and that different forms of heteroskedasticity and/or structures of autocorrelation
are estimated along with the different types of constraints on the Box-Cox paramgtans A,.

The correction is based on the fact that one is interested in the effect on the dependent variable only
when an activity or a phenomenon represented by the quasi-dummy or the real dummy really occurs,
i.e. when the observations of the dummy are only positive. The following correction formula considered
in Dagenais et al. (1987) is used:

_ + /Nt
N X]T" ;Xﬁ/Nj N
Fr=r—=FN -————=F— 70
7 ]X] J EX]t/N ]N]-|— ( )
t

where I; representsty or B evaluated at the sample meards; is the sample mean of a quasi-
dummy or real dummyX; computed from the total set of observations used in estimation,)%;ﬁds
the sample mean computed only from the positive observatiods; afhose number isV'. Note that
for the subset of the last observations from the total set, the correction formula is analogous.

In the special case where a quasi-dummy, §ayis transformed by Box-Cox, the correction will
change slightly forEs,, since the expected value & evaluated at the sample means’fand Z, say
E(Y:)|x 7, is computed in fact from the sample mean of a strictly positive varighlenstead of@); so
that the well-known properties, namely(Y:)|x 7 =Y and EéJXZ = E} |x,7 in the standard linear
regression case, may be preserved. Transforming only the positive observatipnbyoBox-Cox while
leaving the null observations of the variable untouched is exactly equivalent to applying the Box-Cox
transformation on a strictly positive varlabﬂgg such thath is identical to(); for the portion of positive

observations);” and Qt is equal to 1 for the portion of null observations @f, SIncthAQ) =0,V\q.
Thus, the correction formula in this case has the following form:

~ + /Nt
E+:EQ+:E6M:EBi % 71
Q= Q =~ Q¥ 0 + (71)

Q Et@t/N NQ NQ —I_ Et@t

where £, is evaluated at the sample means d@ and Ng are respectively the numbers of positive
and null observations of);.

*Derivatives and Elasticities for the Linear and Logarithmic Forms of the Dependent
Variable

The most usual forms of the dependent variableencountered in pratice are the lingay, = 1) and
logarithmic (A, = 0) cases:

1. For these two cases, the explicit forms of the sample valué ahd its derivative and elasticity are
given in TABLE 1, depending on the presence or absence of heteroskedasticity. To be completely
general, autocorrelation is considered in these forms which can be further reduced in the absence of
autocorrelation by setting all the autoregressive coefficigritsincluded inA; equal to zero.

2. Similarly, for both cases, explicit forms of the expected valuk;@&nd its derivative and elasticity —
whenever possible due to the integrals which cannot be reduced to closed forms — are summarized
in TABLE 2.
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TABLE 1 Explicit forms of the sample value df; and its
derivative and elasticity for the linear and logarithmic cased’of

STATISTIC CASE HOMOSKEDASTICITY HETEROSKEDASTICITY
(No f(Z+) involved) Xt Z Zomt Xjt = Zmr
SAMPLE VALUE
Ay=1 1+ Ay 1+f(71)1/2At
Y:
Ay=0 exp (Aq) exp {f(Zt)l/zAt}
DERIVATIVE
_ Ags—1 Ags—1 _
Ay =1 BiX BiXi " 4 201Gy
g
Dth
— Aps—1 Api—1 _
Ay=0 BiX T Y, (ﬁﬂ(ﬁ] +Zm1szt>Yt
Ay=1 Not applicable Z5iGg s Same as above
Dzmt
Ay=20 Not applicable ZiG g Y Same as above
ELASTICITY
= Azj Azj
Ay=1 ﬁijtJ/Y, <ﬁjxjt] +szt>/Yt
B
Ay =0 s —ge = A A
vy - Exjt = Exjt = ijt ﬁijt + Gz,
Ay=1 Not applicable Gz, /Y1 Same as above
’gmt
Ay =20 Not applicable Gz Same as above

* * ok zm Az
whered; = Y pe Vi + Y. BrXir andGz,, = L6 Z053™ |£(2)Y2 Ay — ZﬁkX,Et )
£ k k
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TABLE 2 Explicit forms of the expected value of, and its
derivative and elasticity for the linear and logarithmic cased’of

STATISTIC CASE HOMOSKEDASTICITY HETEROSKEDASTICITY
(No f(Z+) involved) Xjt # Zmt Xjt = Zmt
EXPECTED
VALUE
Ay=1 , 7
y = E(Yy) = [ Yiw)e(w)dw
ok
t
whereYy(w) = 14+ Ay +w whereY;(w) = 1 4 F(Z)"/*(A¢ + w)
E(Yy) wt}}glmE(Yt) =1+ 4, willnle(:Yt) =14 f(Z2)Y?4,
Ay=0 E(Y:) = [ Yiw)e(w)dw
whereY;(w) = exp (A+ + w) whereY,(w) = exp {f(Zt)l/Q(At + wﬂ
DERIVATIVE
— Api—1 9 e —
Ay=1 D;jt = BX 0 1 T p(w)dw Same as left columa-D  (Ay = 1)
wi
Dx;, Jim D% =X w;h__m_wajt =
wf——co N ~
ﬁijtI] + ZmiGth
_ Agj—1 . _
Ay=10 D&, = AiX;i’ T B(Y1) Same as left columa-Dg (A, = 0)
Ay=1 Not applicable Dy (Ay=1) Same as above
Dzmt
Ay =20 Not applicable DG . (Ay=0) Same as above
ELASTICITY
N pox i left columa-ES  (Ay = 1)
y = e _ PiXy T same as left columa-EZ  (Ay =
Bk, = ij* w(w)dw t
t
R, g
! lim B, = =k % b
wf——co 1 ! lim EY = it Zmt
wh—s—oo  TFt 1+(20) %4y
= e s Azj € —
Ay =0 Bk, = Bk, = BiX;" Same as left columi-Eg (A, = 0)
Ay=1 Not applicable Rz, ,(Ay=1) Same as above
Ezmt
Ay=0 Not applicable Bz (Ay=0) Same as above

whered; = SV, + S BuX;T, Gz, = 26m 05T
13 k

FZOM2 A, = T pex 0er) |
k

Dz Ay =1 =25 | Hzp,(w)p(w)dw, Dy (Ay=0)= 2ot | Yi(w)Hz,,(w)p(w)dw,
w} —oo
F]gmt(ky =1 = Scivent %,t j* Hz,, (w)tp(w)dw,E%mt()\y =0)= Ty i’t / Yi(w)Hz,, ,(w)e(w)dw,
wt —00
_ 1 Xem 1/2 (Azk)
andH 2, (w) = $m 257" |F(Z0Y2 (At w) = S X |

2.4 Elasticities and Derivatives of the Standard

Error of the Dependent Variable

The concept of elasticity can be extended to the standard error of the dependent \ariabl&), to give
a measure of the percent variation of the standard errbf diie to a percent variation of an independent
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variable X;; or a heteroskedasticity variable,,; specified in the functiorf(Z;).

Like for the elasticities and derivatives of the sample and expected valu&s, aivo cases of
heteroskedasticity can be distinguished for the elasticities and derivativeg'of

1. The heteroskedasticity variabl,; is also used as an independent variaklg.
2. It is specified only in the functiorf(Z;), not elsewhere.

*Elasticity and Derivative of o(Y;) with respect to an Independent Variable
The elasticity of the standard error bf with respect to an independent variabie; is defined as:

o _ Oa(Yt) X]‘
X o(Yy)

(72)

where
— the standard error oYf; is:

o(Yy) = VVar(Yy) = \JE(Y2) - [E(YV)F . (73)

— the derivative of the standard error Bf with respect toX; is:

2
- ) o
— the second moment aof; is:
fo(w)@(w)dw if A, >0,
E(Y?) = _Z Y (w)p(w)dw if Ay =0, (75)
"1 y2(wyp(w)n + 02 :f) plwde it A, <0,
— the first moment oft; which is already defined is repeated here for convenience:
ijﬁ(w)v(w)dw if Ay >0,
E(Y;) = _Z Yi(w)p(w)dw if Ay =0, (76)
I Vitwpetwpdi + o [ stwite i <o,
— the derivative ofZ(Y;?) with respect toX; is:
PO o [ i [ G ) 77)
— and the derivative oft/(Y;) wiﬂ: respect toX; is:
= [t [0 X )] e (79)

w
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Note thatY;(w), R, and H;;(w) are already defined in (48), (67) and (68) respectively, and that
Hx  (w) includes the first case of heteroskedasticity whérg appears also as a heteroskedasticity
variable Z,,,; used in f(Z;).

After some algebraic manipulations, the derivative of the standard errby with respect toX ;;
can be expressed as:

Dk, = sy [ Dl =) = B[00 4 X5 i ()] etw)de 79

w

Hence, the elasticity of the standard errorYgfcan be written as:

o 1 1=), o
B = | D ) = BOOI[BX07 + ()] elwpd . (@0)

w

*Elasticity and Derivative of #(Y;) with respect to a Heteroskedasticity Variable
Since the first case of heteroskedasticity has been previously treated, only the second casé,where
appears only inf(Z;) is considered here. The formulas tY; andE7  are analogous td%  and

E% ., without the terms;@injA;”"1 and @X?ﬁ respectively:

D7, = ot [ Do i) = B, () ()i )
Ef = Gy | DN ) = B0, (o). 2)

w

where [ 7, ,(w) is already defined in (69).
In the program, three statistics are computed:

1. Standard error o¥; for each observatiomn,
2. Derivatives ofo(Y;) with respect toX;, and Z,,; at the sample means,
3. Elasticities ofo(Y;) with respect taX;, and Z,,; at the sample means.

«Standard Error of Y; for each observationt

The standard error of; is computed for each observatignused in the estimation. In general, this
statistic will vary with each observatioh In TABLE 4, explicit forms ofo(Y;) are given for the

linear and logarithmic cases a&f depending on the presence or absence of heteroskedasticity. As in
TABLES 1 and 2 for the sample valué and the expected valuB(Y;) respectively, autocorrelation is
considered in these forms which can be further reduced in the absence of autocorrelation by setting all
the autoregressive coefficientg’s included in A; equal to zero.

1. Linear Case (A, = 1)

» Homoskedasticity: o(Y;) varies slightly depending on the value of the lower bound of
integrationw; except if w; tends towards-oo, o(Y;) is constant and equal to the standard
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error of the residualsy;’s :

=

wflin—loo o(Y;) = wfli>rr—loo / (14 A+ w)zc,o(w)dw — / (14 A 4 w)p(w)dw
= {(1 + At)2 / o(w)dw + / w2c,o(w)dw +2(1+ Ay) / we(w)dw
— — , e (83)
- [(14 Ay) / o(w)dw + / w@(w)dw] }2
= |:/ wch(w)dw] =0y

w*

since [ p(w)dw =1, [ we(w)dw =0and [ w?o(w)dw = o2

» Heteroskedasticity: in contrast,o(Y;) varies for each observatianeven if w; tends towards
—oo. In this caseg(Y;) changes proportionally tg(Z;)>:

2
00

Jdim o(Yy) = w*h_fﬁoo{ / L+ f(Z)3 (A + w) | p(w)dw

2
o 1

- ([ [ szosacs et }

N
Wy

o0 (o]

_ {[Hf(zt)%%ltr / p(w)dw + f(Z;) / wp(w)dw
e “oo (84)

o0

+2[ 14 f(Z0)3 A f( 203 / we(w)dw

— 00

- | [r4szotal [ ewios szt | W(w)dw] }

— 00 — 00

W=

f(Zy) / w2c,o(w)dw] = f(Zi)20y.

— 00

2. Logarithmic Case (A, = 0)
» Homoskedasticity: o(Y;) varies proportionally texp (A;):

— 00 (o]

o(Y;) = exp (At){ / exp (2w)p(w)dw — |:/ exp(w)cp(w)dwil } . (85)
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S
2

* Heteroskedasticity: o(Y;) is a nonlinear function ofi; and f(Z;)>:

2

W=

o(¥i) = exp [ f(Z)F Al / exp |2f(Z)Fw p(w)dw - / exp | [(Z)Fw|p(w)dw

(86)
Elasticity and Derivative of the Standard Error of Y; at the sample means

The elasticities and the derivatives ofY;) with respect to an independent variablg; and a het-
eroskedasticity variabl&,,; are computed at the sample means of all the variables for the two sets of
observations previously defined for the elasticities of the sample and expected valgesbé correc-

tion of the elast|C|tyE" for the positive observations of a quasi-dummy or a real dummy is the same
as for the elastlcmes@X and L'y (see TABLE 3). Like the case of the derivativés, ~and D%,

no correction of the derlvatlvé)g » is made.

TABLE 3 Correction of the elasticitie&’§y , £ and £% ~at the sample
means, for the positive observations of a quasi-dumy or a real dummy.

CATEGORY ELASTICITY
:;(]t g(jt g(ﬂ

(2) Quasi-dummy

* No Box-Cox N o N
Br br Br
J J J
S XH + +
» With Box-Cox N N N zt: Xt N zt: X

INT 0 T B\ - V5| -
NEANMAZNG) | N AN X ) N\ M X,
t t

J J

(3) Real dummy
* No Box-Cox Ei Ei Ei

where I/; representdv; " E;jt or E;’(jt evaluated at the sample mealz‘\é;,r is the number of
positive observationé(;;’s, N]Q is the number of null observations &f;; and NV is the total

number of observation%N = N]Q + N;r included in each set of observations (total set used fpr
estimation, or subset of the last observations from the total set).

In TABLE 4, explicit forms of the derivatives and the elasticitiesagl’;) with respect toX;; and
Z.+ for the linear and logarithmic cases Bf are given in terms of an observatiorio show how both
statistics vary with each observation.
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A. Derivative and Elasticity with respect to X,
Linear Case (A, = 1)

1.

2.

Homoskedasticity: the derivativeD% ~and the elasticity’§ ~vary slightly depending
on the value of the lower bound of mtegratlmr;f but are both equal to zero as tends

towards—oo, since lim fYt w) — E(Yy)]e(w)dw is equal to zero.

Heteroskedasticity (X ;é me)' this case is identical to the previous one since the
heteroskedasticity functiorf(Z;) does not include anyZ,,; which is used also as an
independent variable ;.

Heteroskedasticity (X;; = Z,,¢): both Dg( and E% include two components: one
resulting from the variation ofY;; alone and the otﬁer from the variation 4f,;. In

the limit case wherev; tends towards-oc, only the second component remains.

Logarithmic Case (A, = 0)

Homoskedasticity: the derlvatlveDU is a function of X, ando(Y%), but the elasticity
E% ., 1s a function ofX;; only and |t is identical to both elasticitiesy, ~and %
Heteroskedasﬂuty (Xt # Zne): this case is identical to the previous one since the
heteroskedasticity functiorf(Z;) does not include any,,; which is used also as an
independent variabley ;.

Heteroskedasticity (X;; = Z,.;): the derivativeD5 ~and the elasticity’% ~depend on
thvzmtvo-()/t)vift(w)vE()/t) and Hth-

B. Derivative and Elasticity with respect to Z,,;

1.

2.

Linear Case (A, = 1)

Homoskedasticity: since f(Z;) is not involved in this case, the derivativey, ~and the
elasticity £ do not apply.

Heteroskedasﬂuty (Xt # Zyi): the derivative and the elasticity depend on
Wiy Ze, 0(Ye), Y(w), E(Yy) and Hy,,. If w; tends towards—oco, both statistics
have the same limits as in the case A.1 with heteroskedastidity = Z,,,;) since only

the heteroskedasticity component remains.

Heteroskedasticity (X;;: = Z,¢): this case is identical to the case A.1 with heteroskedas-

Logarithmic case (A, = 0)

Homoskedasticity: since f(Z;) is not involved in this case, the derivative?, and the
elasticity /%, do not apply.

Heteroskedasticity (X, # Z,): the derivative and the elasticity depend on
Zt,0(Ye),Yy(w), E(Y;) and H z_,.

Heteroskedasticity (X ;: = Z,.;): this case is identical to the case A.2 with heteroskedas-
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TABLE 4 Explicit forms of the standard error df; and its
derivative and elasticity for the linear and logarithmic cased’of
STATISTIC CASE HOMOSKEDASTICITY HETEROSKEDASTICITY
(No f(Z+) involved) Xt # Zmt Xjt = Zomr
STANDARD
ERROR
25 1/2
Ay=1 P 2 2 a°
oY) = { [ Y2(we(w)dw — | [ Yi(w)p(w)dw
wi wi
whereYy(w) = 1 + A+ +w whereY,(w) = 1 + f(Z:)%(41 + w)
o(Y1) Lim oY) = oy lim o(Yy) = f(Z) 0.
- w;‘—v—co
2y 1/2
Ay=0 . o, oo
o) =1 | Y(w)e(w)dw — | | Yi(w)e(w)dw
whereY;(w) = exp (A; + w) whereY(w) = exp {f(Zt)lﬂ(At + w)}
DERIVATIVE
Ay =1 ﬁvX}a:j_l o Same as left columr-D%  (Ay = 1)
Dg{jt = %wj* [Vi(w) — E(Y)]w(w)dw
t
n%. lim D% =0 lim D%, =
it wi——co 5t wf——oo it
$om 2o T (20 P
- Api— o _
Ay =0 Dgfjt = BiX la(Yt) Same as left columr-DZ  (Ay = 0)
Ay=1 Not applicable Dz (Ay=1) Same as above
D%mt
Ay =0 Not applicable Dz (Ay=0) Same as above
ELASTICITY
Ay =1 ﬁjX'Afj o0 same as left columf-EZ (A, = 1)
v E%. = =—2— [ [Yi(w) - B(Y d BtV T
%0 = Tty J, Vo0~ Bl
B Jm B =0 lim  E% = 38mZ0am
wh——oo w¥——co
= o € s AI —
Ay=10 B%,, = Bx,, = Bx,, = 8:X;/" Same as left colum#-EZ (A, = 0)
Ay =1 Not applicable By (Ay=1) Same as above
F]gmt
Ay =0 Not applicable Ez (Ay=0) Same as above

whereAd; = Z{)[Yt*_[ + ZﬁkX;::,,
£ k

wi
z

*
i

Dg, Oy =1) = 285 T [Vilw) = B 2y, (0 ),
D5, Oy = 0) = 2k T YY) = OO, ()i,
BG (Ay=1)= Varl(—yt)j" [Yi(w) = FOVHz,,,(w)p(w)dw,

RZ,, O = 0) = ey ] Ve llValw) = EOVOIH 5, (0)o(w)du

andH z, ,(w) = 26, 755™ | F(Z)Y2 (AL +w) — Zﬁkx,ijzk) .
k

MODEL TYPES, Version 1.0

L-1.4

April 6, 1993



ESTIMATION RESULTS 25

2.5 Student-t Statistics
The t-statistics for the estimated parameters can be computed as follows:

1. Atthe initial step of the maximization procedure, only the t-statistics for the estin¥ateefficients
conditional upon the initial or fixed values of,, A, \., ¢ andp can be given since they are based
on the results of a standard regression of the transformed dependent viriale the transformed
independent variable&**. Hence these tests aievariant to changes of measurement units in the
original variablesY, X and Z.

2. At the convergence of the log-likelihood function, two types of t-statistics can be obtained:

a. Unconditional t-tests for the estimates ¢f, \,, A;, \., 8, p and o2, using the standard errors
derived from the covariance matrix (38) are computed under the null hypothesis that the
parameter is equal taero. These tests ar@variant to changes of measurement units in
the original variableg’, X and Z, except for3 and ¢-coefficients due to the application of the
Box-Cox transformations on these variables. ForXhgarameters, apart from the value 0 which
corresponds to a logarithmic form of the variable, another interesting value to test against is
the value 1 since it corresponds to a linear specification of the variable, hence unconditional
t-tests for the estimates of,, A, and A, are also computed under the null hypothesis that the
parameter is equal tone

b. To obtaininvariant t-tests for the3s and é-estimates, which are more reliable in hypothesis
testing than the unconditional ones which are not invariant, hence can be boosted at will by a
proper choice of measurement units of the variables, a simple procedure is to compute the t-tests
for 3, 6, p ando? conditionally upon the estimates of,, A, and A, by using the conditional
covariance matrix ofs, §, p ando? which is equal to the inverse of a submatrix derived from

the matrix [; oL oL - in (38) by deleting the rows and columns associated With\,.
and )\, (Dagenais et aﬂj 1987).

When the program fails to converge to a maximum point, the covariance matrix of the estimated
parameters cannot be obtained. In this case, the standard errors will be set equal to unity so that the final
table can be printed to give information about the gradient.
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3. SPECIAL OPTIONS

3.1 Correlation Matrix and Table of Variance-Decomposition Proportions

A correlation matrix for the independent variables (excluding the constant) and the dependent variable
in terms of the original variablegX andY') is always given before the maximization procedure begins.
Another correlation matrix in terms of the transformed variablEs*(andY **) is also computed at the
maximum of the log-likelihood function.

The matrices are stored and output in a lower triangular form where the last row represents the
pairwise correlations between the dependent variable and each of the independent variables.

To detect the presence of multiple linear dependencies among the original independent vArjables
the spectral decomposition o X is used (Judge et al., 1985). This method is similar to the singular
value decomposition of the matriX given in Belsley et al. (1980). The analysis is also performed for
the transformed variable¥** at the maximum of the log-likelihood function.

The spectral decomposition of ' X is defined as:
k
XX = E%’Pz’]’i, (88)
=1

wherep; is the (K x 1) eigenvector associated with the i-th eigenvajyef X' X and the columns of
X are scaled to unit length but not centered around their sample means, because centering obscures any
linear dependency that involves the constant term.

Belsley et al. use a set of condition indexes which is a generalization of the concept of the condition
number of a matrix to detect the presence of near dependencies among the colukins of

— Condition number of X: x(X) = (Ymaz/Ymin)"?, Wherev,.q. and,.;, are respectively the
greatest and smallest eigenvalues of 4fis. This number measures the sensitivitybofo changes
in X'X or Y'Y in linear systems represented by the normal equationss = X'Y;

— Condition indexes 7 = (Ymaz/7:)"?,¢ = 1,..., K. Note that ify; is equal toy,.i,, thens; has
a maximum value which corresponds to the condition numbeX ofy,,,,. = (X).

To determine which variables are involved in each near dependency, a decomposition of the variance
of bp(k = 1,...,K) is performed:

K

Var(by) = o*>_ (pii/7i) (89)

j=1

The proportion ofV ar(by) associated with any; is then computed:

i = (Piz/%)/z (i /i) (90)

These results can be summarized in a table of variance-decomposition proportions where the elements
in each column are reordered according to the increasing values af’the
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TABLE 5 Eigenvalues ofX’ X, Condition Indexes of and Proportions of Vab().

EIGENVALUE CONDITION VARIANCE-DECOMPOSITION PROPORTIONS
INDEX Var(by) Var(by) C Var(kk)
Y1 (Ymin) n1 = K(X) 14 15 C M1k
Y2 2 1P%] 1Py C ok
Tk (Ymax) nk =1 My k2 C Mk

The sum of the proportionsl;;’s in each column associated with Var) is equal to one. The
following rules of thumb can be used to detect the presence of near dependencies:

1. High values of the condition indexées; > 30) signal the existence of near dependencies, while high
associatedl;;’s in excess of 0.5 indicate which variahlé. is involved in the collinear relations.

2. When a given variabl&;, is involved in several collinear relations, its proportioldg.’s can be
individually small across the high;’s. In this case, the sum of these proportions which is in excess
of 0.5 also diagnose variable involvement.

3.2 Analysis of Heteroskedasticity of the Residuals

At the initial and final steps of the maximization of the log-likelihood function, the estimated residuals of
ug, v; andw; are plotted around their means, against the observations ordered by increasing values of one
selected independent variable to provide a graphical analysis of the functional form of heteroskedasticity
related to this variable.

The residuals in standard units are plotted to scale on the horizontal axis, whereas on the vertical
axis, the independent variable is not, due to the large number of observations: one line represents an
observation, irrespective of the real distance between two consecutive observations.

3.3 Analysis of Autocorrelation of the Residuals

At the initial and final steps of the maximization bf autocorrelation and partial autocorrelation functions
are estimated for a time-serigs that is produced by a differencing operation applied to the estimated
residualse;’s which can be thei,’s, v,’s or w,’s depending on which model type is specified:

=1 =B (1-B)"8, (t=14r...,n) (91)

whereB is the backward shift operator defined88; = ¢;_1, henceB™¢; = €;_,,, d is the degree of
consecutive differencing) < d < 3), D is the degree of seasonal differenciftg< D < 3) ands is the
period of seasonal differenciid < s < 31). An additional constraint fod, D ands isd+ sD < n—r.

For example, if only the residua#s’s are to be analyzed, but not the higher order differences produced by
consecutive and/or seasonal differencing, tHheand D should be set at 0 andwhich is not relevant in

this case can be set at any positive integer value.

The following estimates are computed for the autocorrelation and partial autocorrelation functions of
w;. For a complete description and use of these functions, see Box and Jenkins (1976).
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*Estimate of the Autocorrelation Function

The autocorrelation function is extremely useful in providing a partial description of a stochastic process,
i.e. a measure of how much correlation, hence interdependency, exists between neighboring data points
in a time-series.

For a normal stationary process, the autocorrelation function with laky is defined as:

El(@; — u~) (@ p — p~ T, W 3 -
P = (@ —pp) (Bn —pg)] Conltr, Wret) =2 (k= 01,.,K) (92
~ 2 ~ 2 o~ 7o
Vel ) [ = )] z
where the mean and variance @f are respectivelyu~ = FE(w;) = FE(w;,) and 07% =
E{(ﬁt - H;)Z} = E[(ﬁprk - ua)z}, and the autocovariance at lagis 7, = Cov(ws, Wepp) =
Cov(Wiypm, Wirmiy) for anyt, k andm. Note thatp, = 1 andy, = a%.

The autocorrelation functiofip; } is dimensionless, i.e. independent of the scale of measurement
of the time-series. Sincg > |7x| (k = 1,2,...), all the p;’s lie between—1 and 1. It is symmetric
about zero, that i, = p_z, hence considering the positive half of the functign> 0) is sufficient
to analyze the time-series. Singg = pry0 = ﬁka%, a normal stationary process is completely
characterized by its mean- and autocovariance functigy }, or equivalently by its mean~, variance
a% and autocorrelation functiofipy }.

An estimate of the autocorrelation function, called gsmnple autocorrelation function, can be
computed as:

7=k (k —0,1,..., f() (93)
Co
where ¢y is the estimate of the autocovariance function at Aag
n—k B B
cx= Y (@ — @) (@ — @)/ (n—7), (94)
t=1+r

w is the sample mean af, computed as wy/(n —r) and ¢y is the sample variance ab;
t=14+7r

computedas Y, (w; — {E)z/(n — r). Note that for long time-series, the sample autocorrelation function

t=14r
will closely approximate the true population autocorrelation function, but for small samples, e.g. less
than 50 observations, it will be biased downward from the latter.

*Standard Error of the Autocorrelation Estimate

To check whether the theoretical autocorrelatianis effectively zero beyond a certain lgg Bartlett's
(1946) approximation for the variance of the estimated autocorrelation coefficient of a normal stationary
process can be used:

+oo
~ 1 -~ - IS
Var(ry) ~ N E (P2 + PogiPo—r — APePuPo—r + 2P0 P%) - (95)
If all the autocorrelationg,, are zero forv > ¢, all terms except the first between the parentheses
are zero wherk > ¢. Thus at lagst greater thary, the variance of the sample autocorrelations
can be expressed as:
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Var(r,) ~ (1 +2 E pv) (k> q). (96)

To obtain an estimate of Vaiy), sayVar(’Fk), the sample autocorrelations (v = 1,2,...,¢) are
substituted forp,,. The square root of this estimate is referred aslénge-lag standard error.

For example, if¢ = 0, i.e. the seriess; is assumed to be completely random, then for all lags,
the large-lag standard error reduces to:

— 1

Var(r,) ~ — 97
which is printed next to each row of the sample autocorrelatignand can be used in a first step to
test the null hypothesis that, = 0, (k=1,2,...).

A second step would be to select the first {agt which an autocorrelation coefficient was significant
and then use (95) to test for significant autocorrelations atiAdgsger thar;. For example, ifr; were

significant, 72, 75, ... could be tested using the standard erfor + 2'7*%)/]\7]1/2

For moderateV, the distribution of an estimated autocorrelation coefficient, whose theoretical value
is zero, is approximately Normal (Anderson, 1942): on the hypothesispthi zero, the estimate;
divided by its standard error will follow approximately a unit Normal distribution.

*Estimate of the Partial Autocorrelation Function

Whereas the sample autocorrelation function is used as a first guess which is certainly not conclusive for
the significance of each autocorrelation coefficient, the partial autocorrelation fuggtiamich is based

on the fact that for an autoregressive process of gpdehich has an autocorrelation function infinite in
extent,¢,, is nonzero for! < p and zero forl > p, i.e. it has a cutoff after lag, provides a means for
choosing which order of autoregressive process has to be fit to an observed time-series.

Let ¢,; be thejth coefficient in an autoregressive process of ofdsw thate,, is the last coefficient.
The ¢,;'s can be shown to satisfy the set of equations:

ﬁ] = ¢£1ﬁj—1 + (bﬁ?ﬁj—? + ...+ (bﬂﬁj—ﬁ ) (] = 1727 7£) (98)
leading to the Yule-Walker equations:
1 pr P2 e pe-r] [Ga p1
e e (99)
pi-1 Pi—z pr—z . 1 Boe pr
The coefficient¢,,, regarded as a function of the Iafg is called thepartlal autocorrelation
function. It measures the correlation between and w;_, given w;_q,.. —(4=1)- The estimated

partial autocorrelatlonm] s can be obtained by substituting the sample autocorrelahpaior thep;’s
in (97) to yield:

’77] = gglffj_l + 5@2?]‘_2 + -+ (/b\ﬂffj—l , (] =1,2,... ,f) (100)
and solving the resulting Yule-Walker equations.

A simple recursive method for estimating tﬁg’s, due to Durbin (1960), may be used if the values
of the parameters are not too close to the nonstationary boundaries:
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7 if (=1,

-1
bu = e j; Oi-1,Ti= _ ~ (101)
if {=2,3,...,L.

0—1 . ~
1- E ¢£—1,ﬂ‘j
J=1

where @] = @ 1 — @g@ 10— (j =1,2,...,4—1) and I is the maximum lag of the partial
autocorrelation function. Note thdt should be less than or equal 6 which is the maximum lag
of the autocorrelation function used in (92).

*Standard Error of the Partial Autocorrelation Estimate

If the process is autoregressive of orderthe estimated partial autocorrelations of orget 1, and
higher, are approximately independently distributed (Quenouille, 1949), and the standard error for these
autocorrelations is:

\EV(CEM) o~ \/% ; (> p) (102)

which can be used to check whether the partial autocorrelations are effectively zero after some specific
lag p. Note that on the hypothesis that, is zero, the estlmatéw divided by its standard error is

approximately distributed as a unit Normal deviate.
3.4 Forecasting: Maximum Likelihood and Simulation Forecasts
*Maximum Likelihood Forecast

To obtain the predicted values of the dependent variable over gegiods fort = n+ 1,...,n+ p,, the
following approach is adopted: for the first period of forecast 1, the maximum likelihood predicted
value ofY,, is given by the first order conditiod/, +1/0Y,+1 = 0, since maximizing the total log-

n+1 n
likelihood function > L. = > L;+ L,y with respect toY,,; is equivalent to maximizing the
t=1+r t=1+4r

log-likelihood function L, ., associated with thén + 1)-th period only.

The first derivative of the log-likelihood functioh,,+; with respect taY,,.; can be written as:

1 Yo Up 1 un+1 ‘ )] i
- — p if A 75 0
Loy ) Yor 0% [(Zni1)'V? (f( )" E ()2 y
i1 1 1 Uy 41 +1-¢
L n e thn if Ay =0
Yn+1 O'?Uf(Zn+1)1/2 f( 1/2 E n+1 £)1/2 Y
(103)
whereun+1 = n_|_1 Eﬂkan-I—l

Two subcases must be distinguished:

— If A, #1, settlng the derivative equal to zero and soIV|ngYQ+1, yield an equation of the second

degree mYnj_’l'
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n—l—l ‘I’ BY. n-I—l ‘I’ C =0 (104)
where
/ XIEAM)1 U ¢
B=— |14+ f(Zn)V? ﬂkiw +> p— (105)
’ ; J(Zuga)? E f(Zngae)'?
and

C = =A(Ay = Do f(Znia). (106)

To ensure that the predicted valueof, ;, sayfan, is real and positive, both roots of (104), namely
YnAjl = (—B + VB2 - 40) /2, must be real, i.e. ifB? — 4C > 0, and the greater root will be

chosen since it will be always positive as shown in the next section. Finally, the chosen root must
also satisfy the second order condltlaﬁLnH/@ i1 < 0.

— If A, =1, i.e. the dependent variable is specified in a linear form, the first derivative reduces to:

aLn-I—l o 1 Up 41 n—l—l 0
8Yn+1 - O-Z)f(Zn-I—l)l/z (f( 1/2 E pf 1/2 (107)

n+1 f)

which gives a unique maximum likelihood predicted valueYqf ; by setting the derivative equal
to zero and solving fot,,;1:

u?’L
Vo1 = 1+mek )+ (2 Ep e f)m (108)
n-l—l ¥

¥
Setting the first derivative equal to zero and solving¥gy ; also give a unique maximum likelihood
predicted value ofY,,;1:

Up+1—
Yoi1 = exp mek S+ (2 Y e = 02 f(Zu )| (109)
’ f(ZnJrl—f)

Note that for all cases, the predicted valﬁglis computed afl = 1.

Clearly, the approach can be easily extended to the next forecast periods, since in each single period,
only the log-likelihood function associated with that period is needed for the maximization, given the
sample observed values of the dependent variable in the estimation period and its predicted values in the
preceding forecast periods. Thus for th#h period of forecast, the predicted valuef,; is also given
by the first order conditio®Z,,,,;/dY,+; = 0, subject to the second order conditidhL,, ,; /Y > s < 0.

The formulas are analogous to (103) — (109) with- 1 replaced byn + :.

*Variance of the Forecast Error

The variance of the forecast error for the first period of foreoﬁf'zst,l, is computed from the covariance
matrix of the parameted andY’,, 1, which is equal to minus the inverse matrix of the second derlvatlves

of the total log-likelihood functlonL( 1) = = Ny +1+TLt with respect toll andY,,,, evaluated all = il
and Yn+1 = Yn+1:
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COVioy Ch

(110)

i

02 Ly JOTIONY 92 Ly [OTIOY 44
COVy) = ) - [
Co e

82L(1)/8Yn+18H’ 82L /8 1
where

1. COV is the covariance matrix ofl which is already estimated in (38) and is used instead of
- [82L(1)/8H8H’]_1 which is too complex to be evaluated,
2. C(l) is the column vector of covariances between the elemeni$ afdY, ;;:

-1

n+1 n_|_1
3. ando?,, is the variance of the forecast error by, 4:
2. =%t B +C,COVIiC (112)
n+1 aYngH (1) (0) “(1) -

In general, the variance of the forecast error for ke period of forecasty?
computed from:

44, can be recursively

-1

COViyy  Cy 07 Ly [0 _n)OTL;_yy 07 Liy /0T 1)V g
COVy = , , == , (113)
C(z') On+1 L(i)/QY““aH(i—l) 0Ly /8 e
where
1. COV;_; is the covariance matrix d/ﬁ(i_l) = (ﬁ’,ffnﬂ, ... 717n—l—i—1) which is already estimated

in the preceding period of forecast, and is used instead [(n‘iQL(i)/é?H(i_l)é?H;i_l)} which is
too complex to be evaluated,
2. () is the column vector of covariances between the elemenﬂs( ofy and Yn+2

-1

Ciy = —COV; L Ly 114
()= — (=0 | Bl aYW oY, (114)
3. ando?,,; is the variance of the forecast error foF,,;:
-1
2o | Tk CHCOVL,C 115
i e B ORI (115)

Note thaté??L(i)/é?H(i,l)é?YnH = 8Ln+i/8H(i,1)8Yn+i and@zL(i)/aYn? 82 n+2/8 n-I—z’ since
Y,..; appears only in,.;. The second derivativeéQLnH/GH(i_l)GYnH andé? L,+;/0Y?, . arein

the form Y 1/{02 f(ZnH)l/Q} times a component which is given in TABLE 6 for each element of

n+1 w
7
7

My = (H(Fl),YnH) crossed withY,, ;.

MODEL TYPES, Version 1.0 L-1.4 April 6, 1993



SPECIAL OPTIONS 33

TABLE 6 Components of the second derivativesigf,; with respect toH(Z») andY, .,

e Vot
(Azk) (Azk)
Br ki ~Y 0 knti—t
Fne)'? T [ (Zagiz)?
0’23} wn«l»i/g:t?u
Ay o2 f(Znti) wnpiln Vg — 1 8Y7§+1) -y P 8Yr§+z)z
Vol F(Zngi) 1?00y T f Ty 9N
Az Az
Ak B 1 anc n-lliz Z Pe 8Xl(c n-llc-z 4
’ f(Zn+i)1/2 Ok ¢ f(Zn+i—Z)1/2 Ok
Azm >\zm
Azm 6ﬂ ( 2Up 45 ZPZ Un+ti—~0 )azgn n+)z Zp Unti—~L 8Z£n n-l-)z I4
2 f(Zn-I-z 1/2 n+z—Z)1/2 aA"’m n+z—Z)1/2 aA"’m
Em 1 2Un i un-l-z J ) Z(Aem) Up4i—t (Azm) }
= /)z Pe 72 i—
2 (f(Z i) 1/2 Z Zgi z)1/2 m,n+e Z n+z—Z)1/2 m,n+i—{
A (Azk)
Pe Yn(+z/2[ — XrB Xk n-lliz I4
FZnyic)'?
Vigizs ey (1) =1 min(: — 1,7) and: > 2)
f(Z Ny )1/2 nti—s (5_ sy 1—1,7 >
Yot (50 B [ (2o

The different derivativeg’y’" N /8/\y , 8Xk n+2/8/\xk, and 8Zm n+2/8/\7m as well as their lagged
expressions are computed by the generic formula given in (36)
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In evaluating the second derivativesof,; at the maximum point of the total log-likelihood function

Ly = Ef+f+TLt, the predicted values @t,.,,. .., Y, ;) obtained by the approach above are used just
as when the predicted value bf,;; is computed, the predicted values (@f,+1,...,Y,+i—1) are also
used.

The error of forecast is computed in percentage whenever the observed value of the dependent
variable is available in the forecast periods- n + 1,...,n + p:

Y
(1 - W) 100 (116)

whereY, and Y, are respectively the predicted and observed values,.of
The 95% confidence interval fdr; is also computed:

Y, — 1.965, < Y, < Y, + 1.965, (117)
where o, is estimated from (115).

*Simulation Forecast

In addition to the maximum likelihood predicted valbfg (t=n+1,...,n+ p), the simulated value
of the dependent variablE; is computed afll = 1 as:
1/2 * *k /2y ;
v {1 + ’\yf(Zt) (Efpﬁyt—z + Ekﬂkat )} if ’\y #0 (118)
t pu
exp | (20" (Sups e S )| A =0

whereY;_, is replaced byﬁ_g if Y:_, is not observed, i.e. if — { > n. Note that for the casg, # 0,
if the expression between the squared brackets happens to be negative, then it cannot be raised to the
power 1/, and the program will be stopped at that point of the run.

Ay £ 0]

. If both Y, andY, are positive, the bia¥;, — Y}, or equivalentlyY,*> — ¥,**, can be
shown to be negative ik, < 0 or A, > 1 and positive if0 < A, < 1.

For the first period of forecast = »n + 1, if the two roots of (104) are denoted tfyﬁy =
DAy
(—B +vB?% - 40) /2 andY, = (—B -V B% - 40) /2, then replacing- B by its value which is
equal tof/fy in the greater rooﬁAfﬁy yields:

V=Y <1 +/1 - 40/171?“) /2. (119)

IfA, <0or A, > 1, thenC is negative,/1 — 4C/Y2Ay > 1 and the blasY ¥ is negative.
If 0 <A, <1, thenC is positive,4/1 — 4C/Y by < 1 and the blasY Y is positive.

~ ~ 2y —~ ~ 2y
Furthermore, sincéﬁg\y = Yt/\y +Y, ,the biasYt/\y - Yt/\y will be given by the smaller root’,
These results can be illustrated by the following diagrams:
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Ay D
Negatve biab: Y, ' < V{¥ (A, < 00r), > 1)

2 Ay . .
Y, PRI
[ [ [ [ [ >

0 ~B/2 -B
Posiivebiay: ¥; " > ¥} (0 < A, < 1)
2 Ay R .
Y, (A
: : : : : >
0 ~B/2 -B

Choosing the greater rodAftAy will ensure that the maximum likelihood predicted value gfis

2 Ay
always positive since the smaller roBt can be negative. These results will hold for every period of
forecastt = n + 1,...,n 4+ p.

: In this case, the bia¥; — Y, is null, i.e. the simulated value of the dependent
variableY; is |dent|cal to the maximum likelihood predicted valMgglven in (108):

_1—|-f 1/ (Ewyf £+EﬂkX )

E Py (yt*_ - Ek: ﬂkX,it_g) + Ek: ﬂkXEt] (120)
AP IS RN EA W
4

=1+ f(Zt)1/2

t—/¢
F(Z_ )

~

In this case, the bia§’t — f@ is positive:

~ InY,
Y = ex Z)'? St it )]
p | f(Z) (%: f(Zt ) 1/2 Eﬂk
1/2 InYy_
— exp {f(Zt) / ;pé(f i/z Eﬂk ot — @) + Eﬂkat]} (121)

A, U
= exp [E ﬂle(ctX )+ f(Zt)1/2 Epétiém]
k 12 f(Zt—é)
> Y,

sinceY, contains in the argument of the exponential (109) an additional negative term egug] 187 ) .
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