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ABSTRACT

The S-1/S-5 programs are designed for the maximum likelihood estimation of five model families which al include the
Multinomial LOGIT model as a special case, for a system of equations in which the dependent variables are expressed in terms
of aggregate shares. The S-1 program deals with the LOGIT family which is consistent with the Independence from Irrelevant
Alternatives (I1A) axiom of choice theory (Luce, 1959). The LOGIT response curve is perfectly symmetric with “thin equal”
tails, may imply a systematic underestimation (or overestimation) at the tails of the distribution, if consumers will choose certain
alternatives despite their apparent unattractiveness. Various more general specifications have been established to overcome the
limitations of the 1A assumption and the “thin equal tails’ property. The S-2/S-5 programs have been devel opped following these
directions. The S-DOGIT and G-DOGIT families (S-2/S-3 programs) relax the 1A restriction by allowing the relative shares of
some or all pairs of aternatives not to remain constant. Thicker tails can be fitted to the data to capture the specification error,
the modeler’s ignorance, the compulsive consumption or captivity to an aternative (S-DOGIT) or the similarity/dissimilarity
between alternatives (G-DOGIT). Only the S-DOGIT response curve remains symmetric with respect to its inflection point. The
LIN-IPT-LOGIT and the BT-IPT-LOGIT families (S-4/S-5 programs) totally remove the Il A restriction so that the relative
shares of any pair of alternatives cannot remain constant. Asymmetric tails can be obtained to represent the fact that the
consumers will react differently in the choice of each alternative due to a certain amount of stickiness or aternative-specificity.

In all five families, different Box-Cox parameters associated with the independent variables can be fixed or jointly estimated
with the regression coefficients (except for the G-DOGIT family where only fixed Box-Cox parameters can be used) to introduce
flexible functional forms other than the linear and logarithmic forms frequently used. Elasticities, marginal rates of substitution
and forecasts obtained by simulation and maximum likelihood techniques are aso computed.

Keywords: Box-Cox Share Models, Aggregate Data, Symmetric/Asymmetric Tails, Captivity, Similarity/Dissimilarity, Maxi-
mum Likelihood Estimation, Elasticities, Marginal Rates of Substitution, Maximum Likelihood Forecast.

RESUME

Les programmes S-1/S-5 sont destinés a I'estimation par la méthode du maximum de vraisemblance de cing familles
de modeles qui incluent toutes le modele LOGIT Multinomial comme cas particulier, pour un systeme d’ equations dans
lequel les variables déependantes sont sous forme de parts agrégées. Le programme S-1 traite de la famille du LOGIT qui est
conforme al’axiome de I’ Indépendance des Alternatives Non Pertinentes (IANP) de la théorie du choix (Luce, 1959). La courbe
de distribution du LOGIT est parfaitement symétrique avec des queues “minces et égales’, ce qui peut impliquer une sous-
estimation (ou sur-estimation) systématique dans les queues de la distribution, lorsque les consommateurs choisissent certaines
alternatives malgré leur non-attirance apparente. Diverses formulations plus générales ont &té construites pour surmonter les
limitations de I’ hypothése IANP et de la propriété des queues “minces et égales’. Les programmes S-2/S-5 ont été dével oppés
selon ces directions. Les familles du S-DOGIT et du G-DOGIT (programmes S-2/S-3) assouplissent la restriction IANP en
permettant aux parts relatives de certaines ou de toutes les paires d' alternatives de ne pas rester constantes. Des queues plus
épaisses peuvent étre gjustées aux données pour capter |'erreur de spécification, I"ignorance du modélisateur, la consommation
forcée ou captivité a une aternative (S-DOGIT) ou la similarité/dissimilarité entre les alternatives (G-DOGIT). Seule la courbe
de distribution du S-DOGIT demeure symétrique par rapport & son point d'inflexion. Les familles du LIN-IPT-LOGIT et du
BT-IPT-LOGIT (programmes S-4/S-5) ne respectent plus du tout la restriction IANP, de telle sorte que les parts relatives de
n’importe quelle paire d'aternatives ne peuvent plus demeurer constantes. Des queues assymétriques peuvent étre obtenues
pour refléter le fait que les consommateurs réagiront difféeremment dans le choix de chague alternative a cause d’' une certaine
inertie ou spécificité de I'aternative.

Dans toutes les cing familles, différents parametres de la transformation de Box-Cox appliquée aux variables indépendantes
peuvent étre fixés ou estimés conjointement avec les coefficients de la régression (sauf pour lafamille du G-DOGIT ou seulement
des paramétres Box-Cox fixés peuvent &tre utilisés) pour introduire des formes fonctionnelles flexibles autres que les formes
linéaire et logarithmique frequemment utilisées. Des @ asticités, des taux marginaux de substitution et les prévisions obtenues
par des méthodes de simulation et du maximum de vraisemblance sont aussi calculés.

Mots-clés: Modé&les de parts avec Box-Cox, Données Agrégées, Queues Symétriques/Assymétriques, Captivite, Simi-
lariteé/Dissimilarite, Estimation du Maximum de Vraisemblance, Elasticités, Taux Marginaux de Substitution,
Prévisions par Maximisation de la Vraisemblance.
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INTRODUCTION

Statistical models involving a system of equations in which the sum of the dependent variables is
constrained have been widely used in various fields of economic analysis. Since the dependent variables
are expressed in terms of shares — budget shares in the expenditure system, profit shares in the theory
of the firm or cost shares in the production theory — these models are specifically caled SHARE
EQUATION MODELS. Due the constraint that the shares should add up to unity, one well known
characteristic of these models is that the equation system is singular and can only be estimated after
dropping one equation (Barten 1969).

A convenient approach in the estimation of the share equations is to introduce an additive error term
in each equation and to estimate the equation system by the Seemingly Unrelated Regression Equation
(SURE) method of Zellner (1962). Econometric applications of this approach can be found in the linear
expenditure system based on the Stone-Geary utility function (Stone 1954, Pollack and Wales 1969,
Parks 1971), the budget share models derived from the translog indirect utility functions of Christensen,
Jorgenson and Lau (1975), the profit share models derived from the indirect profit functions (Lau 1979,
Weaver 1983) or the trandog cost models (Berndt and Christensen 1973, 1974, Binswanger 1974, Ray
1982), notably in the field of energy economics (Hudson and Jorgenson 1974, Berndt and Wood 1975,
Griffin and Gregory 1976), but the procedure has two serious shortcomings:

i. Since the additive error terms are assumed to be normally distributed, hence not restricted to any
particular domain, the estimated shares may lie outside the interval [0,1] (Woodland 1979);

ii. In atime series context, if the share equations are estimated with autoregressive disturbances, the
constraint on the dependent variables leads to rather strong restrictions on the parameters of the
autoregressive process in order to preserve the invariance of the parameter estimates with respect to
the eguation dropped (Berndt and Savin 1975).

An adternative approach which does not suffer from these drawbacks is to assume a multiplicative
error term in each share equation and to estimate the equation system using the LINEAR LOGIT
specification, by the SURE or the maximum likelihood methods depending on the linearity or nonlinearity
of the system. Although theterm “LOGIT” isused in connection with the MULTINOMIAL LOGIT model
which applies strictly to the discrete choice case where the dependent variables are of discrete type, this
does not imply that the share equations result from an underlying discrete choice structure, but rather the
shares which are continuous variables over the interval [0,1] can be interpreted as a set of independent,
conditional probabilities of the logistic form. This approach has been adopted in a variety of studies, e.g.
choice of transportation modes (Theil 1969), occupational choice of individuals (Schmidt and Strauss
1975), choice of automobile ownership (Parks 1980), pattern of household expenditures (Tyrrell and
Mount 1982), dynamic input demand systems (Considine and Mount 1984) or cost share estimation with
autoregressive disturbances (Chavas and Segerson 1986).

This computer package is based on the second approach and contains five different programs
developed earlier for the estimation of aggregate mode shares in transportation demand analysis:

1. S1 program for the LOGIT model family,

2. S2/ S3 programs for the Standard and Generalized DOGIT model families,

3. S4/ S5 programs for the LINear and Box-Tukey Inverse Power Transformation LOGIT model
families.
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The five model families (LOGIT, S-DOGIT, G-DOGIT, LIN-IPT-L, BT-IPT-L) are now presented
as different options in this computer package and they al include the LINEAR LOGIT model as a special
case. Due to its smple formulation, the LOGIT family is characterized among other things by the
“symmetric-thin-equal-tails’ of the probability response curve, leading to the systematic underestimation
(or overestimation) of the choice probahilities in the left (or right) tail of the sigmoid curve, and hence
cannot be appropriate in two situations frequently encountered:

i. Thicker tails, i.e. for both left and right tails, due to specification error, modeler’'s ignorance,
compulsive consumption or captivity to modes.

ii. Asymmetric tails, i.e. thicker left tail and thinner right tail, due to a certain amount of stickiness or
mode-specificity in the consumer’s reactions to various modes.

Designed to handle the first case only, the DOGIT families were developed by Gaudry and Dagenais
(1978, 1979). Only the S-DOGIT family was empirically studied by Gaudry and Wills (1979) with
aggregate travel data and by Swait and Ben-Akiva (1987) in a discrete choice modeling context. In
contrast, the IPT-L families were designed to solve both problems: the LIN-IPT-L family proposed by
Gaudry (1981) was used in the estimation of educational production functions by Montmarquette and
Mahseredjian (1985), and the new BT-IPT-L family programmed here was developed for a comparative
study (Gaudry 1989) where an intercity travel demand with aggregate Canadian data is estimated with
al five families.

To model the flexible functional forms of the independent variables, an option for the Box-Cox
(1964) transformations on these variables is also available. The Box-Cox parameters can be fixed or
jointly estimated with the other parameters specific to each model family via the maximum likelihood
method, except for the G-DOGIT family which can include only fixed Box-Cox transformations due to
the greater number of parameters aready involved.

MODEL TYPES, Version 6.0 S1US5 April 2008
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1 STATISTICAL ESTIMATION

Although al the model families considered here are different in structure but are nonlinear in the
parameters, notably due to the presence of the Box-Cox transformations on the independent variables,
the common procedure used to estimate these families is the maximum likelihood method.

1.1 Maximum Likelihood Procedure
« CASE A : All the alternatives are available for each observation

For a random sample of 7' aggregate observations, consider a system of M share equations in which
the M theoretical independent probabilities P;;’s — interpreted as shares in this context — are specified
by the following form:

Py = Uu(11)

—m,(l7m:177Mandt:177T) (1)

where /;;(11) is the overall utility (preference) associated with the ith aternative for an observation ¢,
which depends on a set of parameters Il to be determined later, and P;; is continuous over the interval
[0,1] and also satisfies the adding-up constraint ¥, P, = 1.

For expositional purposes only, the utility function ¢/;;(11) can be represented by a general form that
includes al the five share model families and also provides a theoretical framework formulated in Gaudry
(1989) within which the relationships among the families can be examined:

Un10) = 3 wis (055) 5 (g5 (exp (Vi b3 )305005) 2 04 ij =L M) (@)

J

where

— w;; (éij) is aweight function of the parameter ;;defined in terms of 6;; as: 0;; = 1 4 0;; if i = j
and 6;; = 0;; if i £ j, so that w;; (éij) can be implicitly considered as a function of 4,;;

— Jf;(+) isan outer function of the parameters ¢; and p; applied to an inner function g;(-);

— g;(-) isafunction of the parameters ¢; and fi; applied to the exponential function of V;;;

— and V}; is the representative utility component of mode j specified as a linear combination of
the Box-Cox transformations on the independent variables X;;’s with parameters A\;’s: V;; =
S X k=1, K.
The column vector of parameters 11 of the system includes all the parameters just defined: 11 =

~ ~ 77
BN M’} , Where al the parameters are denoted as column vectors, including é which is a

column-stacked vector of all the 6;;°s: 6 = [6y1,...,001,612,- . 0012y, 010rs - -, Onsna ]
More explicitly, the two functions ¢;(:) and f;(-) in (2) are respectively the direct and inverse

Box-Tukey transformations on a real variable or function Z; defined as follows:

9; (Zj;qgj,ﬂj) =7

_— 1 Z]‘—I—Nj(gj—l ,1 N]‘ 0
((bj,#«j) _ { ¢; {( ,u) } Foi# €)

In(Z; + 1) Jifd; =0
where Z; = exp (V) and Z; + fi; > 0,
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4 STATISTICAL ESTIMATION

oy (¢;Z; + )% —p; ifg; #0
Ji(Zs3050m) = 2} = o
exp (Z;) = yifg; =0
where Z; = g]‘(') and ¢;Z; +1 > 0.

The direct Box-Tukey transformation (3) have been studied by Anscombe and Tukey (1954) and
referred to in Tukey (1957), Box and Cox (1964), Zarembka (1974) and others: @ is a power parameter
and fi; is a location parameter used to shift the variable or function Z; so that the expression Z; + fi;
becomes strictly positive before being raised to the power qBj, since Z; can be negative in amore general
context than when Z; has the form of exp (V};) considered here. The inverse Box-Tukey transformation
(4) which is derived from the direct Box-Tukey transformation has a minus sign before the location
parameter 1; instead of a plus sign as it was originally formulated in Gaudry (1981) for the LIN-IPT-L
family starting from a form of (Z) that subtracted this shift parameter — whence the abbreviations used
by students: BC and BT for the direct forms and BCG and BTG for the inverse forms.

A special case of (3) without the location parameter is known as the Box-Cox transformation, which
can be applied to an independent variable X ;,;, specified in V; to alow for flexible functional forms
including the linear and logarithmic forms traditionally used in regression models. Since the location
parameter is not present, the variable X ;;;, should be strictly positive so that (XJA;;C — 1) [ Ak and In( X )
can be computed, where the power parameter A, is used instead of <5j to indicate that it is associated with
the kth variable in V;;. In the compact notation of V;; = EkﬂkX;?;), it is clearly understood that some
of the independent variables such as the constant, the dummies and the ordinary variables not strictly
positive, cannot be subject to the Box-Cox transformation.

Since the general form of 4;; is not identified, different constraints on the “extra parameters’, namely
the 4, ¢, u, $and fi — parameters, should be imposed to yield an estimable form of ¢/ for each model
family. Table 1 summarizes the different constraints on these extra parameters. For example, the LOGIT
family can be obtained by setting every ¢;; and ¢;; equal to zero, and every ¢j,uj,<5j and fi; equal to
one. The S-DOGIT, G-DOGIT, LIN-IPT-L and BT-IPT-L families all reduce to the LOGIT family
by setting every 6; = 0,6;; = 0,¢; = yu; = 1 and ¢; = ji; = 0 respectively.

To insure that ¢/;; is nonnegative over the whole range of V,;(—oc,+00), additional constraints
on the extra parameters should be considered, namely 6; > 0 for S-DOGIT, 8;; > 0 for G-DOGIT,
¢; > 0and1 — p; > 0 and for LIN-IPT-L, and fi; > 0 for BT-IPT-L.

Assume that the error terms ;;’s are specified multiplicatively for the share equations (1), then the
1th observed share 5;; can be fitted against the theoretical probability F;; as follows:

Uit (11) exp (@i¢) ;
S Ui (1) exp (me)]” 7
where 5; is continuous over the openinterval ]10,1[ and also satisfies the adding-up constraint X,,,.5,,,; = 1,
and the u;;'s are assumed to be serially independent and M -variate normal N (0, i).
The system can then be linearized so that the residuals enter additively by using the logarithmic
transformation on the share ratios:

Sit U (1D)
=In
5; Uj(IT)

Sit =

- M) ()

In

—I—ﬂzt—ﬂ]t, (’L,jzl,,M) (6)

This transformed system generates a set of M (M — 1)/2 equations which are linearly dependent
due to the adding-up constraint on the shares. Note that the covariance matrix X of the residuals ;;'s
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STATISTICAL ESTIMATION 5

is singular for the same reason. It can be shown (Barten 1969) that an estimable form of the system
may include only M — 1 linearly independent equations in which the share associated with the dropped
equation is used as a reference share. Taking for example the M th share as a reference share, the system
now reduces to:

S _ . Us(ID)

In =
St Uns(1T)

+ g — U, (= 1,..., M — 1) (7

or
Sit =In Py + Uy (8
S Mt
where the new error terms u;;’S, expressed as the differences of the origina residuals @;; — 4, are aso
serialy independent and (A — 1)-variate normal N (0, ). Note that due to the logarithmic transformation
on the share ratios, each of the 5,,;’sand P,,;’'s (m = 1,..., M) is defined only for the open interval

10,[.

In

TABLE 1 Relationships among the five Share model families.

Parameter Constraints in the Three Functions FAMILY
Weight Functi . . .
a9 (éunc on Outer Function f;(.) Inner Function g; (.) Function /;, (1) > 0
Wij | Uij
LOGIT

0ii = 0;; =0 ¢ =py =1 6 =ji; =1 exp (Vir)

S-DOGIT
Oy =...= 6y =6; >0 as above as above exp (Viy) + 6, > exp (Vjy)
j
G-DOGIT
0;; =0andd;; >0 as above as above exp (Vi) + 57 ;5 exp (Vjy)
i#i

LIN-IPT-L

Oy =055 =0 ¢j 2 0andp; <1 6 =fy =1 [6: exp (Vis) + 1]77 — g
BT-IPT-L

0i = 6;; = 0 ¢ =p; =0 jij >0 eXp{[exp<vn>~+m]$i—1 }

%3
T K
For ease of notation, the summations > and > will be abbreviated to > and > respectively,
t=1 k=1 t k

when no ambiguity arises in the text.

The system (8) has a nonlinear multivariate regression structure since no endogenous variable appears
in the set of explanatory variables specified in the probability functions P;; and Pas:. The associated

MODEL TYPES, Version 6.0 S1US5 April 2008



6 STATISTICAL ESTIMATION

log-likelihood function can therefore be written as:

T 1 A
LX) = (M = Dln (27) - —1n(det2 -5 2: (vi=0,) 9)
where U, is an [(M — 1) x 1] vector of residuals, w;; = In(S;;/Sv+) — In( P/ Puyy) , and X is the
associated covariance matrix of order M — 1.

Three forms of X can be specified in the estimation of II and X:

1. Full matrix ¥: all the different elements o;; of ¥ are estimated. Since the matrix X is symmetric,
oi; =05 (¢ # j), there are only (M — 1)M /2 different elements to be estimated.

2. Diagonal matrix ¥: all the M — 1 variances o;; are distinctly estimated, but all the covariances
o;;(i # j) are set equal to zero.

3. Scaar matrix ¥: all the variances are equal to a common scalar, say o2, which is estimated, and
al the covariances are equal to zero.

Note that the model (8) is invariant with respect to the choice of the reference share only if the
covariance matrix X is full, for the five families. Wills (1982) has shown this property for the LOGIT
family with no Box-Cox transformation on the independent X ;;;,’s. But the invariance till holds in the
Box-Cox case since the property depends strictly on the fullness of the covariance matrix, but not on the
functional form of the independent variables.

Setting the partial derivative of (9) with respect to ¥ equal to zero, we obtain an estimate of X:

Gi; = %Euitujt7Vi7j:| (Full X2)
L 1

83 [o= 4 St = 06 4 j)] (Diagonal %) (10)
Gy =062 = M ) E E ul o0 = 03 75])] (Scalar X))

where u;; is evaluated at the tried values of the parameters Il during the iterative procedure which
maximizes the log-likelihood function; X will become only a maximum likelihood estimate when the
maximum likelihood estimate Il is obtained at the end of the iterations.

Replacing X by ¥ in (9), we get the log-likelihood function concentrated on X::
L(Il) = —%(M — D1 +1n(27)] - %m (det 3. (11)

As ¥ is expressed as an implicit function of II, maximizing L(II) with respect to II only is
equivalent to maximizing £(1I, ) for obtaining the joint maximum likelihood estimates of 1l and .
This procedure is computationally more efficient since it reduces significantly the number of parameters
explicitly involved, specially when X is a full matrix.

« CASE B: Not all the alternatives are available for an observation?!

For this special case, since the two first forms of X are not identified, only the last form (Scalar X) can
be estimated in the present version of the program. The system of equations (8) should be rewritten as:

Sit

In
Sre PRt

t# R (12)

1 This case was suggested to us by Richard Laferriere of University of Montreal in 1988.
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STATISTICAL ESTIMATION 7

where the residual u;; represents ;; — ur;, the dternative ¢ is the ith alternative included in the set of
M,; (2 < M; < M) available alternatives, say C', for an observation ¢, and the alternative R used as a
reference should be available for every observation ¢ in the estimation sample to ensure that the difference
U — upy 1S aways defined whenever an :th alternative is available for some observations t's.

Even if there are two or more alternatives which are always available in the estimation sample, the
model is not invariant with respect to the reference alternative chosen among these alternatives. This is
aso true in the CASE A with a scalar matrix 2, that can be considered as a limit case where al the
aternatives are always available in the sample.

The residuals u;;’s are assumed to be serialy independent and normally distributed with zero mean
and covariance matrix X; = UZI M,—1, Where UZ is the common variance of the u;;’s across the M; — 1
equations and /j;,—1 IS an identity matrix of order A/, — 1.

The log-likelihood function can now be written as:
L(I,02) = ——E(Mt— )In (27) — —Eln(det ) - —EUt U (13)

where U; is a column vector of (M; — 1) elements u;;’'s
The function can be explicitly written in terms of the common variance o2:

£(1L,0%) = 53 (= 1)n (2m) = 2 37 (M, = Dlnaz — 55" S (14)

+ t uf?;H?,

Setting the partial derivative of (14) with respect to o2 equal to zero, an estimate of o2 is obtained:

&3: Mt_l o> wud (15)

t i#£R

where the u;,’s are functions of 11 only: w;; = In (S;:/Skr:) — In (P / Pry).-
Replacing o2 by 62 in (14), the log-likelihood function concentrated on 2 can be written as:

1 1 s

L) = -3 Z:(Mt — Dl +In(2m)] - 5 Z: (M; —1)Iné2. (16)

As in CASE A, maximizing this function with respect to 11 will yield the maximum likelihood

estimate of Il and using this estimate to compute the «;;’s in (15) will give the maximum likelihood
estimate of 2.

1.2 Computational Aspects

The Davidon-Fletcher-Powell (DFP) algorithm (Fletcher and Powell 1963) is used to maximize the
concentrated log-likelihood function L in (11) with respect to the (P x 1) vector of parameters 11
redefined as 1T = [3', ¢, \'], where 3 is a (K x 1) vector of 3-coefficients, ¢ is an (M x 1) vector
of 8;’s for S-DOGIT, an [M (M — 1) x 1] vector of §;;’s (i # j) for G-DOGIT, or a(2M x 1) vector
of (¢;,p;)'s or (q@»,ﬂi)’s for LIN-IPT-L or BT-IPT-L respectively, and A is a (& x 1) vector of
Box-Cox parameters which can be estimated in all families, except for G-DOGIT which includes only
fixed Box-Cox parameters due the great number of estimated 6;;’s.

» CASE A
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8 STATISTICAL ESTIMATION

The gradient of I which is used in DFP can be written as:
aL . 3Lt . aUt /Afl
a—n—ta—n—‘;@—n)E Ui an
where the typical elements of the [(M — 1) x P] matrix 0U; /01l are given below for each family.

At the maximum point of the log-likelihood function L, the asymptotic covar iance matrix of the
estimated parameters 11 is evaluated by the method of Berndt, Hall, Hall and Hausman (1974) applied
to the special case of the nonlinear multivariate regressions:

N AL 0L\ | U ey (OU |
var (11) = E( THW) - [E ()5 (an)] (19
t T1=IT t TI=I1
» CASE B
The gradient of L has the following form:
oL oL, 1 Duyy
I = a—H:_&_zzz<a—H>““ 19)
t Yot i#£R

where the typical elements of the column vector du,:/d1l are given below for each family.

At the maximum point of the log-likelihood function L, the asymptotic covariance matrix of the
estimated parameters 11 is similarly computed as in CASE A:

-1 -1
N _ aLt 3Lt _ 1 auit auit
Var (11) = E( a_HaH') 52 22 G aH/] ‘ (20)
i =11 t i#R H=fi
From now on, the subscript ¢ referring to the observations is omitted from u;;, Pi;, Vi and Xy
0
U; k %
5= X0 x (W (21)
3ui
Y BrlAne — Ajg] (22)
[S-DOGIT]
pu XU H O S X exp (Va0 40D X exp (V) - Vi)
7 J J
T — 23
B, L+ 6> exp (V; = Vi) L+60; 3 exp(V; = Vi) 23)
J J
0 ,ifm #cand M
> exp (V)
_ J ,ifm =1
ggﬂ = [exp (Vi) + 0; EJ: exp (V) (24)
> exp (V)
d Jif m=M
exp (Var) + 6ar 2 exp (V)
J

MODEL TYPES, Version 6.0 S1US5 April 2008



STATISTICAL ESTIMATION 9

A+ 002 Ajrexp (Vi = Vi) Ap+0: 2 Ajpexp (V; — Vi)
J J

o= - (25)
Ik L+ 6 > exp (V; = Vi) L+6; > exp(V; = V;)
J J
[G-DOCGIT]
X004+ S b X exp (V- Vi) XD+ 3 65 X0 exp (1 - 1)
ui _ i#M - 7 -
0Py, L+ > Oajexp (V= Vi) L+ > 0 exp(V; = Vi)
EM i
0 Lifm #iand M
- exp (V) Jifm=iandm £ r
Jdu; v 0: V.
T leXp( S+ e () @)
eXP(Vr) ,ifm:Mandm;ér
exp (Vm) + > Owmjexp(Vj)
iEM
[CIN-TPT-T]
1 _ 11
ou; Apr X](QZ) exp (Var) B A? XZ,(kA’C) exp (V;) 28)
By A](\#? Y, AZE —
0 Lifm # iand M
L1
& . Y . .
) _A7 [biexp () - Ailn A ifm=i
U; 2 b
- = ?; <Ai t - :ui) 29
0by, - (29)
Ay [¢MGXPS/M)—AM1HAM] fm=
¢12\4 <AJ(\ZM - HM)

Note that ¢hm0 Ou;/0¢; = Lexplexp(Vi)+ 2Vi]/{explexp(Vi)]— i} for m = i and
¢1im0 Ou; /0Py = —% exp [exp (Var) + 2Vr]/{exp [exp (Var)] — pas} for m = M.

0 , ifm # cand M
9 < =_ .\
Us — A;z — ,u2> R ifm=1 30
Drinr y (30)
—(Aﬁ—uM> Lifm=M
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10 STATISTICAL ESTIMATION

S 1 _1q
Oui [ Ay Aapeexp (V) AP Ayexp (V) 31
ANt — b Al =

where A; = ¢;exp(V;)+1 > 0(j=1,...,M) and the subscript ¢ is omitted from A;,. Note that
lim AY? = lim A}/%_l = exp [exp (V;)].

¢;—0 ¢;—0
[BT-TPT-L]
du; Sar—1 5O Jim1 v (O
55 = B X e (Vi) = BTN exp (1) (3)
0 ,ifm # iand M
dui _ | _1|phmp, - %) ifm = 23
0o, ) LT : (33)
%[B@MlnBM—B](\jM)] Jifm =M

Note that lim Ju;/0¢; = —L11n? B; for m = i and lim du;/0¢p = L1n? By for m = M.

¢1—0 damr—0
0 , ifm # cand M
94 ) _giet ifm= (34)
Ofim

BN iftm=M

8u7;
O

= Bk {B}@M_IAMJC exp (Var) — BY ™ Ay exp (‘/2)} (35)
where B; = exp(V;)+fi; > 0(j=1,...,M)and B]((bj) = (ij — 1)/<;3j.Note that the subscript ¢
is omitted from B;.

In (22), (25), (2) and (35), the derivative of X" with respect to Ay, Aj (j = 1,..., M), is
computed as follows:

ox [ L[, - xG] it £ 0
Aj= = (36)
%1112X]‘k ,lfAkIO

1.3 Families and their Model Types

Each model family includes different model types which depend on the specification of the independent
variables in the representative utility components V;'s and the use of the Box-Cox transformations on
the dtrictly positive variables.

In transportation demand analysis three categories of independent variables are currently specified
in the representative utility components V;’s:

1. The constant terms which have a value of one in each transportation mode where they appear and
zero elsewhere;
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2. The socioeconomic variables which indicate the social and economic attributes which vary only
across the observations but not across the modes, e.g. aggregate indices of population or income
associated with each origin-destination pair in the context of an intercity passenger modal market
share model;

3. The network variables which represent the characteristics of the transportation modes and which vary
both across the observations and the modes, e.g. aggregate indices of modal service levels (fare,
frequency, travel time) associated with each O-D pair.

An independent variable is called aternative-specific if it appears in one alternative only, or in some
or al aternatives with distinct 3-coefficients, otherwise it is termed generic if it is present in some or
al aternatives with one common g-coefficient.

Generally speaking, three model types can be estimated in each family:

1. The Standard Linear Model Type where the term “ Standard” refers to the case where a socioeco-

nomic variable may appear in M — 1 aternatives at most and each representative utility component
V; includes only the characteristics of the :-th transportation mode, e.g. the travel time or cost of
an :-th mode are specified only in the associated V;, but not in the other V;’s (i # 7). The term
“Linear” indicates that al the independent variables enter linearly without any Box-Cox transfor-
mation involved.
For the LOGIT family, this model type corresponds to the Linear Classical Logit model commonly
used in empirical studies where all the independent variables are generic, although this constraint is
not necessary and can be relaxed. The term “Classical” is used to distinguish this model type from
the Universal Logit of McFadden (1975), which is more general in the sense that each V; can also
include the network characteristics of some or all the other modes j # 7 provided that sufficient
nonlinearities are introduced on the X;;,’s and X;;’s to prevent the multicollinearity problem which
necessarily exists if the variables are all linear.

2. The Standard Box-Cox Model Type differs from the previous one only by the use of fixed or
estimated Box-Cox transformations on the strictly positive independent variables. Note that it is
equivalent to the Standard Linear Model Type if every A-parameter is fixed at the value of one.

3. The Generalized Box-Cox Model Type (Gaudry, 1978) allows a more general specification of the
independent variables than the Standard Box-Cox Model Type in the sense that the characteristics of a
particular mode as well as the socioeconomic variables can appear in all the aternatives provided that
distinct Box-Cox parameters are specified across the alternatives so that there is no underidentification
problem for the 3-coefficients.

Note that for the network variables, if atime or cost variable of a given mode is specified only in
M — 1 dternatives at most, then distinct Box-Cox parameters are not required across the alternatives
since the associated [3-coefficients are always identified in this case.

For the IPT-L families only, a fourth model type called the Generalized Linear Model Type
can be considered due to the nonlinearity of the direct and inverse Box-Tukey transformations on the
exponential functions of V;’s which alows a more genera specification of the independent variables
than the Standard Linear Model Type, i.e. like the Generalized Box-Cox Model Type but without the
Box-Cox transformations on these variables.

Table 2 summarizes the different model types that can be estimated in each of the five families.
For easy reference, symbolic names of the model types and the transformations on the independent
variables are also given and will be used with the family name as follows: FAMILY (Model Type —
Transformation). Each of the first three families (LOGIT, S-DOGIT, G-DOGIT) includes three model

MODEL TYPES, Version 6.0 S1US5 April 2008



12 STATISTICAL ESTIMATION

types with their respective transformations, namely (S-LIN), (S-BC) and (G-BC), whereas each of the last
two families (LIN-IPT-L, BT-IPT-L) includes four model types with their associated transformations,
namely (S-LIN), (G-LIN), (S-BC) and (G-BC). For example, the Generalized Box-Cox LOGIT model
can be referred to as LOGIT(G-BC), the Standard Linear S-DOGIT model as S-DOGIT(S-LIN), the
Standard Box-Cox G-DOGIT model as G-DOGIT(S-BC), the Generalized Box-Cox LIN-IPT-L as
LIN-IPT-L(G-BC), and the Standard Linear BT-IPT-L as BT-IPT-L(S-LIN).

All the model types in each family can be estimated for CASE A where al the alternatives are
available for every observation, but only the (S-LIN) and (S-BC) model types can be estimated for
CASE B due to the fact that a network characteristic of an :th alternative can be unavailable when it aso
appears across the other alternatives for some observations, for the (G-LIN) and (G-BC) model types.

TABLE 2 Symbolic names for the model types and transformations in the five families.

FAMILY Model Type Transformation Symbolic Name

Standard LINear (S-LIN)
LOGIT Standard Box-Cox (SBC)
Generalized Box-Cox (G-BC)

Standard LINear (S-LIN)
S-DOGIT Standard Box-Cox (SBC)
Generalized Box-Cox (G-BC)

Standard LINear (S-LIN)
G-DOGIT Standard Box-Cox (SBC)
Generalized Box-Cox (G-BC)

Standard LINear (S-LIN)

Generalized LINear (G-LIN)
LIN-IPT-L Standard Box-Cox (S-BC)
Generalized Box-Cox (G-BC)

Standard LINear (S-LIN)

Generalized LINear (G-LIN)
BT-IPT-L Standard Box-Cox (S-BC)
Generalized Box-Cox (G-BC)
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2 LOGIT FAMILY

2.1 Standard Linear Model Type

This model type which is traditionally used in empirical studies for its computational ease, hence called
the LINEAR CLASSICAL LOGIT model, corresponds to a set of fixed values of the extra parameters
which reduces the function ¢/, (1I) to a single term exp (V;;) where the representative utility component
Vi only contains a linear specification of the independent variables X;;;,’s and a set of 3-coefficients
to be estimated:

i. The parameter 6,; is set at zero in the w;;(#8;;) function for every i and j so that ¢;,(1T) only
depends on f;(-), g:(-) and exp (V;;) but not on those associated with the other alternatives j # :.

ii. The parameters ¢; and y; are set at one in the f;(-) function for every 7, hence f;(-) is a linear
function of g;(-).

iii. The parameters ¢; and ji; are set at one in the g;(-) function for every i, hence g;(-) is a linear
function of exp (V).

iv. Every V;; includes:

a  The independent variables X;;.'s in linear forms, i.e. without the Box-Cox transformations or
other types of transformations inducing nonlinearities;

b. Only the network characteristics of the ith aternative;

c. One common j-coefficient for each network characteristic across the alternatives. this form of
abstractness though frequently imposed can be relaxed if mode-specific effects are to be analyzed.

This model is characterized by the following properties:

1. Additive separability of utility
Due to (i), (ii), (iii) and (iv.b), this model type implies that:

(a) The cross eladticities of demand are uniform: the percentage changes in the shares of the
alternatives j with respect to a percentage change in a network characteristic of an :th alternative
(7 # ) are dl equa in accordance with Luce’s Independence from Irrelevant Alternatives (11A)
axiom (Luce 1959) which states that “if a set of alternative choices exists, then the relative
probability of choice among any two aternatives is unaffected by the removal (or addition) of
any set of other alternatives’.

(b) The alternatives behave as substitutes only, but not as complements.

(c) Only the differences in the utility components, V,.; — Vi; = Y Bu( X — Xix) , hence

the differences in the characteristics, matter but not the absglute levels of the V's or
X’s gince the utility is ordinal, not cardina. Adding a constant ¢ in dal V,;'s in-
cluding V;; leaves F,; unchanged, athough the level of every V,,, will shift by the
same amount: P = exp(Vii+c)/ S exp(Viu+¢) = 1/ > exp(Vi+¢c—=Viy—¢) =

1/> exp (Vi = Vie) = Py Multiﬂﬁlying al Vii's inclucglvilng Vit by a positive fac-
tor d afects P P = exp(dVi)/ S exp (Vi) = [exp(Vil'/ S exp (V)] =
1/ S [exp (Vine = Vi)]* = 1/ 3 [exp (VWZ —Vi)* # Py This means that the function
> [T(pr (Vo))" is homogeneousﬂgf degree d > 0.

m

MODEL TYPES, Version 6.0 S1US5 April 2008



14 LOGIT FAMILY

2. Symmetry of response curve
(d) Two response curves should be considered :

(d.1) The response curve P;(V;) in function of V;: this curve is invariant with respect to the
model types in the family since the effect of an independent variable X;;, on V; which
is different according to the model types is not explicity taken into account. This curve
is nondecreasing and symmetric with respect to its inflection point V; since the slope
dP;(V;)/0V; = P;(V))[1 — P;(V;)] is nonnegative and has the same value when computed
at two symmetric points of V; around V.

(d.2) The response curve P;(X;;.) which indicates that the curve P;(V;) is now considered as
an explicit function of an independent variable X, since V; is a function of X;.

The slope of the curve P;(X;;) for LOGIT (S-LIN) can be written as:

OP(Xy)  0P(Vi) oV, 9P(Vh)
0Xy OV, 00Xy OV

B (37)

which shows that 7;(X;;) remains symmetric, but can be nondecreasing or nonincreasing
if 35 is positive or negative respectively. Note that this dope plays a key role since it is
used to compute the elasticity of P;(X;;) with respect to X;; (see Section 5).

3. Zero probability limits

(e) The thin-equal-tails property: the choice probability £;(V;) tends to zero (one) if V; tends to
—oo(00) given any set of fixed values of the other V,,,’s. This built-in property prevents the
flexibility to fit thicker tails which can reflect the specification error, the modeler’s ignorance,
the compulsive consumption or captivity of consumers to specific alternatives as in the DOGIT
families, or asymmetric tails which can represent a certain amount of stickiness or mode-
gpecificity in the consumer’s reactions to various modes as in the IPT-L families.

4. Underidentification of mode-specific effects
Due to (ii), (iii) and (iv.@) which constrain respectively the f;(-) and ¢;(-) functions and the independent
variables X ;" s to be linear, there is an underidentification of the alternative-specific 3-coefficients for:

(F) A socioeconomic variable if it appears in all aternatives, as well as a network characteristic
of an :th aternative if it is included in all alternatives. For the same reason, two (or more)
components of a same network characteristic, say the travel fares by modes : and 7, cannot be
specified at the same time in al aternatives, if one wants to include in each V; not only the
network characteristics of the zth alternative but also those of al the other aternatives to obtain
a system which is very similar to those found in microeconomics where al the commodities
prices appear in all demand functions.

(9) The constant terms if they appear in al aternatives.

2.2 Standard Box-Cox Model Type

The STANDARD BOX-COX LOGIT only differs from the LINEAR CLASSICAL LOGIT by modifying
the assumption (iv.a) to alow for the use of fixed or estimated Box-Cox transformations on the strictly
positive independent variables X,,;,’s included in each Vi, : Vi = 32 8, X)),

k
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This implies that:

(d.2) The response curve P;( X ) is asymmetric with respect to its inflection point X,;. The slope of
the curve P;(X;;) for LOGIT (S-BC) can be written as:

OP(Xu) _ OP(V:) 0Vi _ OR(Vi)

BrX ! (38)

which indicates that P;(.X;;) can be nondecreasing or nonincreasing due to the effect on V; of a
unit change in X;;, dV;/0X,., which depends not only on the sign of 3;, but also on the level
of Xk, if Ay is different from unity:

o If Ay isless than unity, then the power Ax — 1 of X is negative: smaller levels of X;; have
greater increasing (decreasing) effects on V; if 3, is positive (negative).

o If A, is equd to unity, i.e. X;;, isin alinear form, the effect on V; is constant but can be
positive or negative since it depends only on 3. In this case only, the response curve P;( X ;)
remains symmetric with respect to its inflection point.

* If Ay isgreater than unity, then the power A, —1 is positive: greater levels of X;; have greater
increasing (decreasing) effects on V; if 3, is positive (negative).

Figure 1 shows the response curve P, (X ) for different values of the A-parameter associated with
X4, given a positive value of j3;.

Figure 1 LOGIT(S-BC) with different A-values

ROy
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2.3 Generalized Box-Cox Model Type

The GENERALIZED BOX-COX LOGIT alowsamore general specification of the independent variables
than the STANDARD BOX-COX LOGIT by relaxing the assumption (iv.b) so that every V;; can include
not only the network characteristics of its own aternative, but also those associated with some or all
dternatives j # «.

The model can be viewed as a particular estimable form of McFadden’s UNIVERSAL LOGIT (1975)
which suggests that a network characteristic of a given aternative can be specified at the same time in the
other alternatives provided that some unspecified, yet different, functional forms of the variable should be
used across the aternatives in the general case where the same variable appearsin al the alternatives, for
the identification of the associated 3-coefficients. Thus distinct Box-Cox parameters should be specified
for the same variable if it appears across all the alternatives. This type of specification as far as the
network variables are concerned is very similar to a demand equation system where each equation is a
function of all the commodity prices in the context of consumer demand theory.

The main difficulty resides in the estimation of al the Box-Cox parameters when the number of
aternatives is large and when several network characteristics of a particular mode are jointly specified
in al the alternatives.

This general specification of the independent variable implies that:

(d.2) The response curve P;(X.;.); is asymmetric with respect to its inflection point X ;, where X
represents the kth variable which appears in the :th aternative and aso in some or al of the
aternatives j # 1.

The slope of the curve can be written as:

0X ov;  0X, o av; 90X

where the probability curve of an ith alternative, F;(-), is considered in turn as a function of V;
and of each V;(j # ¢). Note that V; is also a function of X., whereas each V; can be or not a
function of X.,: 0V;/0X., = ﬂ};Xﬁ“_l and OV, /90X, = ﬂ,‘iX.A,:k_l if V; isafunction of X,
and zero otherwise.

Since the slope of P;(X.;); has two components — the first corresponds to the variation of
P;(X.;); dueto the variation of X.; in the ith alternative alone, and the second to the variation
of P;(X.;) due to the variation of X in the other alternatives j # ¢ — and that the sign of
each component depends on the individual signs of the -coefficients in the different alternatives
where X, appears, the total effect on P;(.X.;) due to the change of X in al the aternatives
is difficult to predict.

2.4 Specification of the Constant Terms

Since the constant terms have a special meaning and that they can never be transformed by the Box-Cox
transformations in the Standard and Generalized Box-Cox LOGIT Model Types, the same specification is
used for the three model types: the constant terms should always be specified as alternative-specific and
included in M — 1 aternatives exactly. The choice of the alternative where the constant term is omitted
is entirely arbitrary and leaves all the three models invariant in terms of the maximum value of the
log-likelihood function, the predicted choice probabilities, the 3-coefficients (except for the coefficients
of the constant terms) and the A-parameters.
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A small example of the Standard Linear LOGIT Model Type with a three-mode choice will illustrate
the problem. The system of the representative utility components V;;’s (7 = 1,...,3) for an observation
t can be written in matrix form as:

Vie Xia 0 0 Xy O 0 51
Varl =1 0 Xopo 0 0 Xos 0 : (40)
Vi 0 0 Xz O 0 Xasw] [

where X141, Xo2 and X33 are the aternative-specific constant terms (81 # 52 # 53), and Xy, Xoss
and X3¢ are the aternative-specific variables (34 # 35 # s) , say the travel times associated with the
three modes respectively.

Since the constant terms X4, X242 and X33 are al equal to one for each observation ¢, the mode
share Py; can be expressed without explicitly writing them as follows:

exp(Vig) exp (1 + BaXqa)

= 23: exp (Viz) B exp (1 + BaXita) + exp (B2 + B5Xos5) + exp (f3 + ﬁ6X3t6)‘ (41)
=1 !
This expression can be represented in three equivalent forms:
exp (B1 — B3) exp (84X 144)
exp (B1 — fB3) exp (B4 X11a) + exp (B2 — B3) exp (85 Xass) + exp (S Xz16)
P = exp (1 — P2) exp (S4X1u4) @2

exp (81 — B2) exp (84X 14a) + exp (85X 945) + exp (B3 — B2) exp (86X s6)
€Xp (ﬁ4X1t4)
exp (34 X114) + exp (B2 — B1) exp (85X 945) + exp (B3 — (1) exp (86X s6)

Clearly in any of these three forms, only two differences of the constants, e.g. 51 — 83 and 35 — 35
in the first form, can be estimated but not separately 3,, 52 and 33. The three forms can also be viewed
as if the constant term is omitted from the third, second and first aternatives respectively. Moreover,
due to the special meaning of the differences of the constants, eg. 3, — 33 and 3, — 33 in the first
form, which reflect the sample means of the differences of the random utility components ,; — #3; and
gy — Uz respectively, it is unmeaningful to specify the constant terms in less than M — 1 aternatives.
Hence the alternative-specific constant terms must be included in M — 1 alternatives exactly.

Naturally when the differences of the constants are estimated, they will change according to the
form chosen, but the coefficients 34, 85 and 3¢ as well as the predicted choice probabilities and hence
the maximum value of the log-likelihood function will remain invariant. Note that the generic case, e.g.
B4 — B3 = P2 — B3 in the first form of (42), is irrelevant due to the special meaning of the differences
of the constants.

2.5 Specification of the Socioeconomic Variables

1) Standard Linear LOGIT Model

The specification of the socioeconomic variables is similar to that of the constant terms, except that they
can be included in M — 1 alternatives at most instead of M — 1 aternatives exactly since they do not
have any specia meaning like the constant terms.

|[Alternative-specific case|
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Using the first form of (42) as an example in which Xi., Xo:5 and X34 represent the same
socioeconomic variable ( X+ = Xgi5 = Xs46) Which is specified as alternative-specific (34 # 5 # [s),
Py, can be rewritten in three equivaent forms:

exp (B7) exp [(Ba — Bo)Xisd]
exp (37) exp [(Ba — Be6)X1ea] + exp (85) exp [(85 — B6) X1ea] + 1
exp (B7) exp [(B4 — B5) X144
exp (B7) exp [(81 — B5)X1ea] + exp (B5) + exp [(8s — B5)X114]
exp (67)
exp (B7) + exp (B5) exp [(F5 — Ba) X1t4] + exp [(Bs — Ba) X144]

where 37 = 81 — 35 and 3 = 3, — $3. From now on, we will use this notation for the differences of
the constants in the first form of (32).

Similarly the second and third forms of (42) can each be expressed in three equivalent forms. Like
in the case of the constant terms, the three forms of (43) can be viewed as if the socioeconomic variable
is omitted in the third, second and first alternatives respectively. Hence the variable can be included in
M — 1 dternatives at most. If it appearsin M — 1 alternatives exactly like in (43), then each resulting
coefficient of the variable is estimated as a difference between the coefficient in the alternative where the
variable is included and the one in the alternative where the variable is omitted.

Using the first form of (42) as an example in which Xi.4, Xois and X356 represent the same
socioeconomic variable (X4 = Xois = Xsi6) but specified as generic (34 = 5 = ¢), P1: can be
rewritten as.

Py =

(43)

exp (07) exp [FaX114]

= exp (37) exp [B4X114] + exp (55 ) exp [B4X114] + exp [B4X 4]

(44)

which reduces to:

exp (f47)
exp (07) +exp (3) + 1
It can be seen that the socioeconomic variable has no influence at all on the mode share Py, if it is
included in all M aternatives. Hence the variable must be specified in M/ — 1 aternatives at most.
2) Standard Box-Cox LOGIT Model
The specification of the socioeconomic variables in this model is similar to the one in the Standard

Linear LOGIT Model, except that the variables, if they are strictly positive, are subject to the Box-Cox
transformations.

Plt - (45)

|[Alternative-specific case|

Rewriting for example the first form of (43) in which Box-Cox transformations with distinct
parameters A4 and A5 are applied to the same socioeconomic variable which is specified as aternative-
specific in the first and second aternatives respectively, the mode share P;; can be expressed as:

exp (57 )exp 35X
exp (f7)ex {ﬂ*X(’X“)} + exp (35) ex {ﬂ*X(AS)} 1
1)€XP | Pyt 144 P(P3)exp P Xy | +

where 37 = 4 — s and 57 = [35 — Ps.

Plt = (46)
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Clearly the coefficients 3; and 3; as well as the Box-Cox parameters A4, and A5 can all be estimated.
Moreover, the two A-parameters can be set equal without creating any identification problem for 33
and 57 .

€neric case

In (46), if the socioeconomic variable is specified as generic (3; = %), then the program constrains
the A-parameters to be equal across the aternatives (A4 = As), since it is not meaningful to transform
a generic variable with two distinct A-parameters.

3) Generalized Box-Cox LOGIT Model

Unlike the Standard Box-Cox LOGIT Model, the Generalized Box-Cox LOGIT Model alows the same
socioeconomic variable to appear across all the alternatives provided that distinct Box-Cox transformations
are specified across the alternatives.

[Alternative-specific case]

Using the first form of (42) as an example in which Box-Cox transformations with distinct parameters
A4, Asand Ag are applied to the alternative-specific variables X1.4, X2:5 and X3, which represent the same
socioeconomic variable (Xq+4 = Xai5 = Xat6) , the mode share Py; can be rewritten as:

exp (6 )exp |4 (3} |
exp (A7) exp | B X1 + exp (35) exp | 35X (37| + exp B x (|

Py = (47)

Provided that all the A-parameters are distinct, there will be no identification problem for 3,4, Ssand3s.

In (47), if the socioeconomic variable is specified as generic (84 = 85 = fs), the common (-
coefficient is identified only if distinct A-parameters are specified across the aternatives. Since it is
unmeaningful to use different Box-Cox transformations for a generic variable, this case is not allowed
in the program.

2.6 Specification of the Network Variables

1) Standard Linear LOGIT Model

Unlike the constant terms and the socioeconomic variables, the network variables vary across the
individuals but also across the alternatives. Thus they can be included in all alternatives such that a
given network characteristic of the ¢-th mode is specified only in its own representative utility component
Vir but not in the other Vi;'s (j # 1)

|[Alternative-specific case|

Using any of the three equivalent forms of (42) as an example in which the variables
Xy, Xos and Xgi6 represent the travel times associated with the three modes respectively
(X114 # Xass # Xae) and specified as alternative-specific (84 # 35 # 3s), it can be seen that the
coefficients 3,4, 05 and g can separately be estimated.

The same is true if the variables are specified as generic (54 = 35 = [s).
2) Standard Box-Cox LOGIT Model
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The specification of the network variables in this model is similar to the one in the Standard Linear
LOGIT Model, except that the variables X4, X2 and Xsy6, if they are strictly positive, are subject to
the Box-Cox transformations.

|[Alternative-specific case]

Rewriting for example the first form of (42) in which Box-Cox transformations with distinct
parameters A4, A and Ag are applied to the alternative-specific variables X4, Xo:5 and X34 representing
the travel times associated with the three modes respectively (Xi:4 # Xa2i5 # Xsi6), the mode share
Py; can be expressed as:

exp (87 exp | 81X (3} |
exp (37 exp [ X | + exp (85) exp [ 5 x0) | +exp [Bex0) |

Py = (48)

Clearly the coefficients 34, 85 and 3¢ as well as the Box-Cox parameters A4, As and Ag can al be
estimated. Moreover, equality constraints on some or all A-parameters can be imposed without causing
any identification problem for 34, 35 and 3s.

€neric case

In (48), if the variables X4, Xo:5 and X5, are specified as generic (54 = 85 = 3s) with distinct A-
parameters or equality constraints on some or al A-parameters, the common j-coefficient always remains
identified. Since it is not meaningful to use different Box-Cox transformations for a generic variable,
only the case with one common A-parameter specified across the alternatives is allowed in the program.

3) Generalized Box-Cox LOGIT Model

Unlike the two other models, the Generalized Box-Cox LOGIT Model allows that a given network
characteristic of an :th mode be specified not only in its own representative utility component V;; but
also in some or al of the other Vj;'s (j # 4).

[Alternative-specific case]

The alternative-specific case only refers to the case 34 # 35 # ¢ dready considered in the Standard
Linear and Box-Cox LOGIT Models. Two subcases must be distinguished for the specification of the
A-parameters associated with the network characteristic of an ith mode specified across the alternatives:

» Subcase I: if the network characteristic appears in M — 1 V;,’s a most including its own, this
subcase is analogous to the alternative-specific case (46) of a socioeconomic variable in the Standard
Box-Cox LOGIT Model, i.e. one or more A-parameters can be specified across the alternatives.

*  Subcase II: if the network characteristic appearsin al V;;'s, this subcase is similar to the alternative-
specific case (47) of a socioeconomic variable in the Generalized Box-Cox LOGIT Model, i.e. only
distinct A-parameters should be specified across the alternatives so that the 3-coefficients associated
with the network characteristic across the alternatives are identified.

Furthermore, each subcase has its own alternative-specific and generic specifications, i.e. the /-
coefficients associated with the characteristic of a same mode specified across the alternatives can al be
distinct or equal respectively.

* Subcase |
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Modifying the alternative-specific case (48) in the Standard Box-Cox LOGIT Modd to illustrate the
subcase 1, the different V/; s involving in the mode share P;; can be represented as follows:

Eh
Vi, 1o xW g 0 0 xU xP9qis;
Vo | = {0 1o x02 o0 xB o 0 | [P (49)
Vay 00 0 0 x\{J o 0 0 :

Po

where the characteristic of an ith mode appears in its own mode and one of the other modes, i.e. X144 is
specified in modes 1 and 2, Xo;5 in modes 2 and 1, and X3;¢ in modes 3 and 1. Other specifications of
the variables across the alternatives are possible provided that the characteristic of an ith mode appears
in M — 1 aternatives at most including its own.

The subcase | illustrated above corresponds to the “alternative-specific subcase™:

o for Xy : B4 # Brand Ay # Ar,

o for Xoss 0 35 # B and A5 £ Ag,

o for Xai @ 06 # Po and Ag £ Ao,

e with Ay # A5 # Xg.

Since in practice it is difficult to estimate this subcase with al the distinct A-parameters, different
equality constraints can be imposed on these parameters. Here are some examples:

* all the A-parameters may be set equal.

* Ay = Ag = Ag, A5 = A7 and distinct Ag.

e Ay = A5 = Ag and distinct A7, Ag and Ag.

The “generic subcase” can aso be specified as follows:

e for Xygq ¢ B4 = Brand Ay = Ar,

e for Xoi5 0 05 = fBgand A5 = Ag,

e for Xgi 0 B¢ = Bo and Ag = Ao,

e with Ay # A5 # Ag.

* Subcase I

This subcase is in fact a generalization of the subcase | since each representative utility component
V5 now includes the network characteristics of all the modes with distinct 3-coefficients and A-parameters
in each alternative and also across al the alternatives:

I
Vi, 1o xt o 0 0 o x{2 o  x{ o s
Vau | = {0 10 xB o0 xU 0 0 0 x{M) || B
Vay 00 0 xPoo x0 o xl g 0 :

P12

(50)

This subcase which corresponds to the “ alternative-specific subcase” is difficult to estimate in practice
due to the great number of parameters involved:

 for Xiwa : ﬂ4 ?é ﬂ7 ?é ﬂgandA4 ?é A7 ?é Ag,
o for Xows 1 Bs # B9 # Pfroand As # Ag # Ao,

o for Xsw : B # Bi1 # Bizand A # At # Ao,
e with A4 ;é A5 ;é Ag.

MODEL TYPES, Version 6.0 S1US5 April 2008



22 LOGIT FAMILY

One way to reduce this number is to impose equality constraints on the A-parameters associated
with each alternative:

o for Viy : Ay = Ao = Aqq,

o for Vor = As = A7 = Aqg,

o for Va; 1 d¢ = A = Aqo,

e with Ay # A5 # g

The “generic subcase” which considerably reduces the number of parameters is unfortunately

not identified since the characteristic of a same mode, eg. X;;; with one common A-parameter
(A4 = A7 = Ag) , cannot be specified across al the aternatives:

e for Xyu 1 04 = 07 = Psand Ay = A7 = Ag,

e for Xois 0 05 = B9 = Broand As = Ag = Aqo,
s for Xsie @ 86 = i1 = Bizand Ag = Ay = Aqg,
e with Ay # A5 # Xs.

€neric case

This case can also be anayzed in terms of the two subcases.

 Subcase |

This subcaseissimilar to (49) except that 3, = 05 = Js and Ay = As = Ag. All the 3-coefficients and
A-parameters remain identified for both the “alternative-specific and generic subcases’, but the “generic
subcase” is not allowed in the program since it leads to the estimation of only one /3-coefficient and one \-

parameter common to all the variables X;4, Xo:5 and Xs:6 appearing in the system: 5, = 85 = ... = fg
and A4 - A5 = ... = Ag.
* Subcase I

This subcase is also similar to (50) except that 34, = 85 = [ and Ay = As = Ag. Only the
“aternative-specific subcase” is identified but not the “generic subcase”.

A summary of the main specifications for the different types of variables in the three models of the
LOGIT family is given in the following table.
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TABLE 3 Specifications of the variables in the LOGIT family.

TYPE OF VARIABLE

ALTERNATIVE-SPECIFIC CASE

GENERIC CASE

CONSTANT awaysin M — 1 aternatives at most not allowed.
SOCIOECONOMIC

LOGIT(S-LIN) in M — 1 aternatives at most. same as the

alternative-specific case.

LOGIT(SBC) in M — 1 alternatives at most with one or | same as the
more A-parameters specified across the alternative-specific case,
alternatives. but with one common

A-parameter specified
across the alternatives.

LOGIT(G-BC) in al alternatives with distinct A-parameters | not alowed.
specified across the alternatives.

NETWORK

LOGIT(S-LIN) the characteristic of an «th mode appears same as the
only in its own V;;, but not in some or al alternative-specific case.
of the other Vj:'s (j # ©).

LOGIT(SBC) same as above with one or more same as the
A-parameters specified across the alternative-specific case,
alternatives. but with one common

A-parameter specified
across the alternatives.

LOGIT(G-BC) the characteristic of an «th mode appears same as the

not only in its own V;; but also in the other
Vid's

* Subcase | (in some V;,’s): the
alternative-specific and generic subcases are
allowed.

 Subcase 11 (in all V;;'s): only the
alternative-specific subcase is allowed.

alternative-specific case:

» Subcase | : only the
aternative-specific is
alowed.

 Subcase Il : same as the
alternative-specific subcase.
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3 DOGIT FAMILIES

3.1 Standard Linear Model Types

The Standard Linear Model Types of the DOGIT families are obtained by relaxing only the assumption (i)

of the LINEAR CLASSICAL LOGIT to allow the estimation of the #-parameters in the weight functions

Wi ; (QNZ]) as follows:

(i.a) S-DOGIT: for every dternative i, the 8;4,...,8;5r are constrained to be equal, say to a common
value é;, which implies that only one extra parameter is added per aternative:

exp (Vi) +6; E exp (V;)
Pi(Vi) = : ,(0; > 0), (51)
> [exp (Vi) + 60 zh: exp (Vh)}

m

(i.b) G-DOGIT: for every dternative ¢, 8;; is normalized a zero, which implies that only M(M-1)
-parameters, 0;;(i # ), can be identified in the whole system:

exp (Vi) + ; 05 exp (V;)
VE

P(V;) = (05 >0). (52)

>

m

exp (V) + h; 0,1 exp (Vi)

Both model types include the LINEAR CLASSICAL LOGIT as a special case by setting al the ;s
and ¢;;'s a zero for SDOGIT and G-DOGIT respectively, but the former is not nested in the latter due
to the equality constraints on the ¢-parameters in the SSDOGIT family, except for the binary case where
the two model types are exactly equivalent although the types of parametrization are different. Hence for
this case one can indifferently estimate the S DOGIT(S-LIN) or G-DOGIT(S-LIN) to obtain the same
fit of the data: the estimated shares P;’'s, as well as the log-likelihood function value, will remain the
same, except for the three parameters namely the alternative-specific constant and the two #-parameters.

In contrast with the LINEAR CLASSICAL LOGIT, the DOGIT families introduce the following
new properties:

(a) The cross dasticities of demand are not uniform since the relative choice probabilities of any two
aternatives now depend on the characteristics of al the aternatives. This added property avoids
or “dodges’ the IIA restriction, hence the name DOGIT, to alow for more flexible patterns of
crossalternative substitution.

(b) Whereasthe S-DOGIT family restricts the aternatives to behave as substitutes only asin the LINEAR
CLASSICAL LOGIT, the G-DOGIT family also allows complements.

(d) The probability curve of the SDOGIT family, P;(V;)s,, remains symmetric with respect to
its inflection point athough it will be less steep than in the LINEAR CLASSICAL LOGIT,
since P;(V;)qp, isjust a linear transformation of the symmetric probability curve of the LINEAR
CLASSICAL LOGIT, Pi(V;);, given a set of fixed #-values:

exp (Vi) + 0, S exp (V)

- ; exp (Vi) + %; 0., zh: exp (V)

PV +0; 1 0;

— PV .
1+36,, 1+36,, Z(VZ)LJrlJrZOm

Pz’(Vi)SD
(53)
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where P;(V;); = exp (V)] Y exp (V).
Hence, for a given set ofme-values, the slope curve of P;(V;)s, isaso symmetric sinceitisin
constant proportion to the slope curve of P;(V;); over the whole range —oc < V; < +o0:
aPz’(Vi)SD . 1 8Pi(Vi)L
v, T 1+x6, oV’

(54)

which clearly indicates that it is less steep than the slope of P;(V;), since Y 6, is always positive.
Note that 0F;(V;), /0V; which is equal to (1 — P;(V;), ) P:(V;), is wmmgtric with respect to the
inflection point of the probability curve P;(V;); .

Similarly, the response curve P;(X;x)sp is aso symmetric with respect to its inflection point
since its slope is in constant proportion to the slope of F;(V;);:

OP(Xir)sp OF(Vi)sp _ B P (Vi)
Xy ov; 1+36,, 0V

= b (55)

This curve is nondecreasing or increasing if 3, is positive or negative respectively, and less
steep than the curve P;(X;;); of the LOGIT (S-LIN) model type since > 6,,, is always positive.

Three economic interpretations can be given to the expression (53) it every 6, is constrained
to be nonnegative:

* Interms of analogies with Stone’s (1954) approach to expenditure systems, the second term in
(53), 0;/1 1+ 6,, ), represents the share of the consumer’s income to satisfy his compulsive
or basic needs for the ith commodity irrespective of its price, and the factor in the first term,
1/{ 14> 6, ), corresponds to the share of discretionary income left over after all the basic

needs are satisfied.

* In the context of discrete choice models with probabilistic choice set generation based on the
assumption that the modeler can no longer specify correctly the decision-maker’s true choice set
— the generation process has been first studied by Manski (1977) — Ben-Akiva (1977) has given
another interpretation of the ¢-parameters: the second term in (53) represents the probability of
captivity to alternative ¢, and the factor in the first term corresponds to the probability of the
consumer being free to choose from the full choice set of alternatives. More recently, Swait and
Ben-Akiva (1987) have extended this notion to a more general model called the Parametrized
Logit Captivity (PLC) model by replacing every 6,, with the function exp (Vm) where V,,, is
alinear combination of the variables which are thought to explain the captivity of aternative m
and which can partially or totally be chosen from the set of variables included in V,,,. Unlike
the SSDOGIT family, the PLC model also allows complements.

* In marketing science, customer captivity or loyalty to a product, i.e. the bias that people tend
to buy the same product as they bought before, has been recently considered by Colombo and
Morrison (1989). Their model postulates a smple form of dependency between the previous and
present purchase periods, and is not a random utility model like the S-DOGIT(S-LIN) model
which considers only information about an individual’s present choices. Using Markov chain
theory, Bordley (1990) showed that given a fixed probability distribution over an individual’s
previous purchases, the choice probabilities associated with the present period in the Colombo-
Morrison model are just the dogit probabilities, and that the equilibrium or asymptotic choice
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probabilities, i.e. the ones which will arise if the choice process is continually repeated, are
not in general the dogit probabilities, except under certain strong conditions they reduce to the
logit, and under somewhat weaker conditions to the dogit. Furthermore, exploiting the fact that
the Colombo-Morrison model can be reinterpreted as a conditional logit model that allows for
varying degrees of loyalty across the population (Bordley 1989), he similarly deduced that the
dogit model can be used even if buyers are not perfectly captive to one choice.

On the contrary, the probability curve of the G-DOGIT family, P;(V;).p, is not symmetric
with respect to its inflection point since it depends nonlinearly on the choice probabilities of all the
aternatives of the LINEAR CLASSICAL LOGIT:

exp (Vi) + ; 0;j exp (V)
N Sexp (V) + 3 h;m B, exp (V)
Pi(Vi), + £0¢ij(W)L
TIrY Y O Pu(Va),

m h#m

P,(Vi)ep

(56)

Hence, for a given set of 6-vaues, the dope of P;(V;)., is not in constant proportion to the
slope of P;(V;); asin the SDOGIT case:

OP(Vidap _ i RV, (57
ov; L3 >0 0 P(Vi)y A%

m h#Em

which indicate that the slope of P;(V;)., is less steep than the slope of P;(V;), since the quotient
in the square brackets is aways less than unity.

To ensure that the probability curve P;(V;)., is monotonically nondecreasing over the whole
range of V;, i.e. OPi(V;)p/0V; is dways nonnegative, since the denominator in the factor of
JdP,(V;); /0V; is always greater than or equal to one, the numerator should be positive, which

implies that P;(V:)np < 1/ > 6,.:. To check this inequality we need to consider only the right
tail of P;(V;),p which is the upper bound of the probability curve. Since the limit of P;(V;).)

as V; tends towards to infinity is: Vlim P(Vi)ap = 1/ (1 + > Omi), the inequality holds for
i 00 m#s
the upper bound.

Similarly, the probability curve P;(X;z),p is not symmetric with respect to it inflection point
since its slope is not in constant proportion to the slope of P;(V;); :
1= P(Vi)gp 22 Omi
mti IP(Vi),
L3 >0 Onn (Vi) aV;

m h#m

IP(Xik)ap _ 5 or(V;)

GD __
X, ov, B

(58)

This curve is nondecreasing or nonincreasing if 3;, is positive or negative respectively, and less
steep than the curve P;(X;;); of LOGIT (S-LIN) since the quotient in the square brackets is aways
less than unity.
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One interpretation of the parameters 6;;’s can be given in terms of the similarity / dissimilarity
measures. In fact, all models forms which try to incorporate these measures into the LOGIT model
are variants of Restle's (1961) form which is based on the notion that the variation among the choice
aternatives will influence the choice process, i.e. the attributes that display little or no variability
among the alternatives do not affect the choice process.

In general, the class of choice models using these measures can be expressed as:

Riexp (V)
PZ(‘/Z) - E Rm exp (Vm) (59)
where R; is a positive measure of the degree of similarity / dissimilarity between alternative ¢ and
all other choice aternatives.

The models previously considered by Batsell (1981), Meyer and Eagle (1981, 1982), Borgers
and Timmermans (1984), and Cascetta et a. (1996) all use a form of R; which is based on an
average degree of similarity / dissimilarity between the attributes X;;,’s and the other X;;’s across
the alternatives.

For the G-DOGIT family, the measure R; can be derived as:

R, =1+ E b;;exp (V; — Vi) (60)
I#t
which is not an average form since both V; and V; vary across the observations.
A shift in the overall V; value resulting from the similarity / dissimilarity of the attributes across
the alternatives can be best seen if P;(V;) is rewritten under the following form:
exp(Vi+In R;)

Pi(Vi) = Yexp(Vy, +InR,,) (61)

where In R; can now be viewed as the total shift in V; resulting from the similarity / dissimilarity
of the attributes X;;’s to the other X;;’s across the aternatives.

For expositional simplicity, assuming that all the attributes X;;.’s and X ;;,’s are generic, except
for the aternative-specific constants 3;, and (3o, the total shift can be written as:

InR; =1n |:1—|—E€ijexp(vj - Vi)

J#i
=1In {1 + E 0:; exp (Bjo — Bio) H exp [Br( Xk — sz)]} (62)
J#i k

=1In {1 + Z 02']‘ exp (ﬂjo — ﬂzo) H [eXp (X]k — Xlk)]ﬁk }
i k
where 3,0 and 3;, are the origina constants associated with the jth and :th aternatives, before
normalizing one of the M constants in the system.

For a given aternative j, if every attribute X, is identical to X,,(k = 1, K) in the extreme
case, then ] [exp (X;x — Xik)]ﬁk is equal to unity independently of the values of the 5;’s, and the

k
partial shift in V; resulting from this perfect similarity is equal to In[1 + 8;; exp (30 — Bi0)]. In this
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(€)

respect, the G-DOGIT completely differs from the previous models due to the fact that these models
consider an effect on V; only if there is a dissmilarity among the attributes and none in the similarity
case. In other words, it has an additional feature implying that there is till a shift in V; even if
the attributes X;;’s are similar to the X;;’s. In fact, the acoustic and psychological experiments
by Clarke (1957) and Coombs (1958) respectively have shown that when two stimuli are similar,
there is a finite probability of confusion between them, i.e. the probability of attaining a state of
indifference is not zero, unlike the LOGIT model which assumes that this probability is zero even if
the differences in the utilities are very small. Models which attempt to incorporate this concept of
thresholds of indifference — the “minimum perceivable differences’ among the utilities — into the
LOGIT model, have been considered by Krishnan (1977) and Lioukas (1984).

On the contrary, if the X;;’s are dissimilar to the X,;’s, then the partial shift in V; can be
greater or smaller than In [1 4 6;; exp (3,0 — B0)] depending on the combination of the cases where
each X;, is greater or smaller than .X;; with the sign and the magnitude of j;.

The thick-unequal tails can be fitted for both families.

[S-DOGIT]

According to (53), the thickness of the left tail of the probability curve P;(V;)qp is given by:
0;

yhm Pi(Vi)sp = 550, phm Pi(Vi)y + T30, (63)
Since lim P;(V;), is equal to zero, the expression above reduces to:
lim P(Vi)gp = 1o (6)
V,—1>I£loo ! ZSD_1—|-20m7
which represents the probability of captivity to alternative <.
The thickness of the right tail can be expressed as:
L— lim Py(Vi)gp =1— 1 i Pi(Vi), + L (65)
Vi—oo wheIsp 1—|—E€mv,—>oo L 1—|—E€m )
Since Vlim P;(V;); is equal to one, the expression above reduces to:
> O
. B 1+ 6; ki
1_v1,£noopl(m517_1_1+20m_1+20m’ (66)

which represents the sum of the left tails of al the other probability curves P,(V},) 'S (h # @), i.e.
the sum of the probabilities of captivity to al the other aternatives k.

Hence the two tails are of unequal thickness and independent of the choice probabilities of the
alternatives but the probability curve P;(V;) ,, remains symmetric with respect to its inflection point.
Figure 2 shows the probability curves P, (Vy); and P (V1)gp, given Vy = 0 with (6,6,) = (0.2,0.1)
for the binary case (M = 2). Note that each curve is invariant with respect to the model types of
the family since it depends on the V,,,’s only.
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Figure 2 LOGIT(family) versus S-DOGIT(family).
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According to (56), the thickness of the left tail of the probability curve P;(V;)., is given by:
LAm BV + 2 05 PV
V]jm P(Vi)ap = dal
Sm T3 0 0 Pa(Va)y
> 0P (Vi)
_ J#1
1+ Y 6PV,
m h#m,i

since lim
Vi—=—oo

Py(Vi), = 0.

Hence, in general, the left tail is of variable thickness since it depends on the choice probabilities of
al the other alternatives j # i, except for the limit case where one of the P;(V;);'s, say P.(V,),,
is allowed to tend towards unity as V.. tends towards infinity, while all the other choice probabilities

P

2(V3);'s (j # r) tend towards to zero due to the constraint - P, (V. ), = 1. The left tail is then

independent of the choice probabilities:

0.
li P(V; =X 68
V“Vji{fl__w (Vi)ap 1S 6, (68)
Vy—oo m;ér
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The thickness of the right tail can be expressed as:

‘}Enoo Pi(Vi)p + 22 05, 85(V))y,
1-— Vlim P(Vi)ep =1 - = (%)
lim (1+Y Y 6,..P.(Vi),
i—>00 m h#m

Due to the constraint 3 P, (V.,,), = 1, if P;(V;), tends towards unity as V; tends towards infinity,

then all the other choice probabilities P;(V;),'s (j # i) tend towards zero. Hence the thickness of
the right tail reduces to:

1 E Orni
1- 1 PV, =1- =
R ST e S (70

which represents the sum of the left tails of all the other £,,,(V,,)p’S (m # ¢) in the limit case (68).
This property can be clearly seen with an example for three alternatives (A = 3). The thickness of
the right tail of P (V;)., can be written as:

. 021 + 031 21 031
1-1 P, = =
vll_%o 1(Vi)ap 14091 +631 1460y 4 64 * 146091 + 63

(71)
= lim - PQ(VQ)GD -I— v ym P3(V3)GD‘

Vy, Vg —— ) Vs = 00
V) —o0 V] —o0

Hence, the two tails of the probability curve P;(V;), are of unequal thickness, but only the right
tail (70) is independent of the choice probabilities whereas the l€eft tail (67) depends in general on the
choice probabilities of all the other alternatives j # 7, unless one of the V;’s tends towards infinity
asin (68). Note that in the binary case (M = 2) where the SDOGIT and G-DOGIT families are
equivalent, the left tail is also independent of the choice probabilities:

: O .,
‘/1,1—I>noo PZ(‘/Z)GD - 1+ eij (l 7£ J andlv] - 172)' (72)

3.2 Standard Box-Cox Model Types

The Standard Box-Cox Model Types of the DOGIT families only differ from the Standard Linear Model
Types by relaxing the assumption (iv.a) to alow for the use of the Box-Cox transformations on the strictly
positive independent variables X,,;’s included in each Vi;: Viy = 32 8, X))

k

For the S-DOGIT family, the Box-Cox transformations can be fixed or estimated, but for the G-
DOGIT family they can only be fixed due to the greater number of #— parameters involved.

The use of the Box-Cox transformation on an independent variable X;;, implies that:
(d.2) The response curve P;(X;.)qp for the (SBC) model type, is no longer symmetric as for the
(S-LIN) model type since its slope is not in constant proportion to the slope of the curve P;(V;); :

OP(Xir)sp
X1 N

ﬂ Xf\rl 8Pi(Vi)SD — ﬂszf\krl aPz’(Vi)L
R ik Vi 1+> 6, Vi

(73)
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But like for the (S-LIN) model type, the curve is nondecreasing or nonincreasing if 3, is positive
or negative respectively, and less steep than the curve P;( X)), of the LOGIT (S-BC) model type
since >_ #,, is always positive.

The regponse curve P;( Xk ). for the (SBC) model type remains asymmetric as for the (S-LIN)
model type since its slope is not in constant proportion to the slope of the curve P;(V;);:

L= P(Vilgp & b
P (Xir)ap = B X! OL(Vi)ap = B X! m#i OB (Vi) (74)
0Xip ik oV; ik L+3 > 0w P(Vi)g oV;
m h#m

Like for the (S-LIN) model type, the curve is nondecreasing or nonincreasing if ;. is positive or
negative respectively, and less steep than the curve P;(X;;), of the LOGIT (S-BC) model type
since the quotient in the square brackets is aways less than unity.

3.3 Generalized Box-Cox Model Types

Like the LOGIT(G-BC) model type, the S-DOGIT (G-BC) and G-DOGIT (G-BC) model types allow a
more general specification of the independent variables by relaxing in the (S BC) model type of each
family the assumption (iv.b) so that every V;; can include not only the network characteristics of its own
aternative, but also those associated with some or al alternatives j # <.

Due to the presence of the extra parameters, 6; in the SSDOGIT family and 6;;(i # j) in the G-
DOGIT family, these model types are still harder to estimate than the LOGIT (G-BC) model type which
is already difficult to estimate due to the great number of A-parameters.

The general specification of the independent variables implies that :

(d.2) The response curves P;(X..)sp and Pi(X ). are asymmetric with respect to their inflection
points, where X ;. represents the kth independent variable which appears in the :th alternative and
also in some or al of the aternatives j # <.

Their slopes can be written as:

OP(X.x)sp _ OP:(Vi)sp OV, T OP;(Vi)gp 0V;

o0Xr V. X, ov, 09X,
75
OP(Xs)op _ OP(Viap Vi | 3y OP(Vi)ap OV; (75)
X, v, X, v,  9X,

where the probability curve of an ith aternative for each family, P;(-), is considered in turn as
a function of V; and of each V(j # 7). Note that V; is a function of X.; whereas each V; can
be or not a function of X ., : 0V;/0X ; is equal to ﬂ,@Xﬁf‘l and 0V;/0X.; is equd to ﬂ{%X?f‘l
if V; is a function of X.;, or zero otherwise.

Like for the LOGIT (G-BC) model type, these slopes can be nonnegative or nonpositive depending

on the combination of the signs of the 3-coefficients of X ., in the different alternatives.

3.4 Specification of the Independent Variables

Since the numerator and the denominator in each probability 7;(-) of the SSDOGIT and G-DOGIT families
are just different linear combinations of the exponentials of the V;’s (j = 1,..., M), the specification
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of the independent variables, i.e. the constant terms, the socioeconomic and network variables, for the
different model types of the LOGIT family still holds for the SSDOGIT and G-DOGIT families (see
Table 3).
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4 IPT-L FAMILIES

4.1 Standard Linear Model Types

The Standard Linear Model Types of the IPT-L families are obtained by relaxing in the LINEAR
CLASSICAL LOGIT:

(ii.a) LIN-IPT-L: the assumption (ii) to alow the estimation of the ¢; and p;-parameters in the outer
function f;(-), given the values of the ¢; and /i;-parameters fixed at one in the inner function g;(-)
for every alternative i:

[6s exp (Vi) + 1]M% — s

(¢ > 0andp; < 1), (76)
S {16m exp (V) + 10" = i |

P(V;) =

(iii.a) BT-IPT-L: the assumption (iii) to allow the estimation of the ¢; and fi;-parameters in the inner
function ¢,(-), given the values of the ¢; and y,-parameters fixed at zero in the outer function
fi(+) for every alternative i:

PV = ) aso. &

S exp { [exp (V7) ; )P =1 }

- { exp (V) + ] ~ 1 }

[LIN-TPT-L

In contrast with the LINEAR CLASSICAL LOGIT, the symmetry property (d) and the thin-equal-tails
property (e) no longer hold:

(d.1) The probability curve of the LIN-IPT-L family, P;(V;);;;, is not symmetric with respect to its
inflection point, since its slope is not in constant proportion to the slope of the symmetric LINEAR
LOGIT curve P;(V;); over the whole range —oc < V; < 4oc:

2 L/ bm
) exp (Vi > AR =
OP(Vilpry _ 431 ; P(Vin) i ( ) or (Vi) (79)
aVv; ! bm _ > exp(V,, av;
;ﬂ: (Am ,um) et (Vin)

For a given set of ¢ and p-values, the first two factors of 0F;(V;), /0V; are highly nonlinear in
Vi, hence cannot be constant over the whole range of V.

(d.2) The probability curve P;(X;;); ;;, in function of an independent variable X;;, is also asymmetric
with respect to its inflection point since its slopeis just in constant proportion to the slope of the
asymmetric probability curve P;(V:); ;-

OP(Xik)pyy, _ OB(Vi)py, Vi _ 0B(Vi)

LIL
OX,n v, 09X,  oV; & (79)

which can be nonnegative or nonpositive if 3; is positive or negative respectively.
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(e)  Ingenera, the two tails of the probability curve F;(V;), ;; are asymmetric, with a left tail which
may or not disappear as V; tends towards —oc in contrast to the right tail which always vanishes
as V; tends towards +oo. Figure 3 shows the probability curves P (V;), and P;(V1);,;; given
Vo = 0 with (¢4, 111) = (12,0.99) and (2, o) = (20,0.99) for the binary case. Note that each
curve is invariant with respect to the model types of the family since it depends on the V,,,”s only.

Figure 3 LOGIT(family) versus LIN-IPT-L(family)

A
R0
1.00 +
0.751 T
/// Logit
7 - — —— Linear-IPT-Logit
0.50 | - (9,=12, 1, =099
// ¢,=20, u,=0.99)
/
/
/
0.25 | /7
/s
//
0.00 i i 1 1 1 =
-6 -4 -2 0 2 4 6
V.,
1
o Left tail
The left tail can be written as:
1 - Hi
lim P(Vi)y = . (80)
Vimme (1= i)+ 5 { (G exp (V) + 1177 = i }

Two distinct cases must be considered:

» Every V,,,(m # i) has afinite value or some V,,,’s can tend towards —oc, but no single
V., is alowed to tend towards +oo: the left tail will not disappear as V; tends towards
—oo, except if p; is equal to one.

e One of the V,,,’s (m # ¢) is alowed to tend towards +oc: the left tail will disappear
like in the LINEAR CLASSICAL LOGIT, dthough at a different rate as indicated by
the slope 0P, (Vi) ;1. /OVi.

* Right tail
Due to the constraint ¢; > 0, the right tail aways vanishes as V; tends towards +oo like in the
LINEAR CLASSICAL LOGIT, athough at a different rate:

, 0
Jim o {[gexp (Vi) + 1% - )
im PV = e =1 (81)
i—+oo . 1/dm
i S {6 exo (V) + 0 —
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* Interpretation of ¢; and p;
The role of p; can be best understood if every ¢; is set equa to 1:

exp (Vi) + (1 — p;)
; lexp (Vi) + (1 — fim)]
R;exp (Vi) exp(V; +1n R;) (82)

N Raexp (Vi) Yexp(Vi,+1nR,)

Pi(Vi)LIL =

where R; = 1 4 (1 — p;)exp (=V;).

Although this form of P;(V;); ;; is analogous to that of P;(V;).,, R; cannot be interpreted as a
similarity / dissimilarity measure between the attributes X ;;’ s and the other X’ s across the alternatives,
since it is only a function of the attributes of its own aternative. But the total shift in V; represented
by In R; can be clearly seen through this form:

1. Inthe absence of information on V;, i.e. V; = 0, the shift isjust equal to In (2 — p;) which is dways
nonnegative due to the constraint ;; < 1. In this respect, p; can be interpreted as the “a priori
ignorance” level of the modeler, or as a captivity level which is gradually modified as he introduces
some information on V.

2. For positive values of V;, the shift will be lessthan In (2 — ;) and will disappear as V; tends towards
oo, whereas for negative values of V;, it will be greater than In (2 — ;) and will not disappear as
V; tends towards —oc, unless one of the other V;’s tends towards oo. In this sense, the shift can
be interpreted as the portion left unexplained that the aternative specificity represented by V; fails
to capture.

The role of ¢; is to alow different functional forms for the term exp (V;) including the linear form
which corresponds to ¢; = 1, due to errors of specification of the representative utility functions or
incomplete descriptions of consumer characteristics.

Since the function [¢; exp (V;) + 1]1/ % is inversely proportional to ¢; due to the dominant inverse
power of ¢; relatively to the multiplicative factor ¢; in front of exp (V;), smaller positive values of ¢; will
have a greater effect on exp (V;), whereas very large positive values of ¢; will reduce exp (V;) amost to
aconstant. Asalimit case, if ¢; tends towards zero, the function tends to the limit value exp [exp (V;)],
which is clearly much higher than [exp (V) + 1] which corresponds to ¢; = 1, for positive values of V;,
and much less than [exp (V;) + 1] for negative values of V;. As a consequence, y; will have a much
greater effect for the negative portion of V; than for the positive portion for which exp [exp (V;)] will
clearly dominate p;, even for relatively small positive values of V; such as 8. Inversely for large positive
values of ¢;, u; will have a more even effect on both portions of negative and positive values of V;,
but the influence of V;, hence the attributes of the alternative, will be greatly diminished, i.e. large
fluctuations in V; will not affect too much the level of the function [¢; exp (V;) + 1]1/¢’.

[BT-TPT-L]

Likethe LIN-IPT-L family, the symmetric property (d) and the thin-equal-tails property (e) inthe LINEAR
CLASSICAL LOGIT no longer hold for the BT-IPT-L family:

(d.1) The probability curve P;(V;)g;; in function of V; is not symmetric with respect to its inflection
point, since its slope is not in constant proportion to the slope of the symmetric LINEAR LOGIT
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curve P;(Vi);:
dhexp (Vi) i > exp [Br(jm)]
OP(Vilgrn, _ péi—1 (%) m " m#i OP(Vi),
R - > - o (83)
' > exp [Bf(n(bm)] m#exp( ) '
which indicates that for a given set of ¢ and ji—values, hence cannot be constant over the whole
range —oc < V; < +o0.
(d.2) Theprobability curve P;(X;;) g, infunction of X isalso asymmetric with respect toitsinflection
point for the same reason. Its slope can be written as:
P Xik)prr, — OF(Vi)pry, OVi — 8Pi(Vi)BILﬂk (84)
OXix oV,  0Xy ov;
which can be nonnegative or nonpositive if 3, is positive or negative respectively.
() In general, the two tails of the probability curve P;(V;),,; are asymmetric with a left (or right)

tail which may or not disappear as V; tends towards —oo(or + oo). Figure 4 shows the probability
curves Pi(V2), and Py(Vi) gy, given Vs = Owith (&1, /1) = (0.5,0.2) and (b5, iz) = (0.5,09)
for the binary case. Note that each curve is invariant with respect to the model types of the family
since it depends on the V,,,’s only.

Figure 4 LOGIT(family) versus BT-IPT-L(family)
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Two distinct cases must be considered:

* Every V,,(m # ) has afinite value or some V,,,’s can tend towards —oc, but no single
V. is alowed to tend towards +oo: the left tail will not disappear as V; tends towards
—oo for finite values of ¢; and fi;.

« Oneof the V,,’s (m # i) is alowed to tend towards +oc with ¢,, > 0: the left tail
will disappear like in the LINEAR CLASSICAL LOGIT, adthough at a different rate as
indicated by the slope 0P;(V;)g;../0V;.

* Right tail )
Depending on the sign of ¢;, two cases have to be considered:

e |f qBZ is positive or zero, the right tail will vanish as V; tends towards +oo like in the
LINEAR CLASSICAL LOGIT, athough at a different rate:

L0 (exp (Vi) + ;)" — 1
v W{X >
1

lim  Pi(Vi)g,, = o = 1. (86)

LSS SN (TSR}

Viotoo OV, ™ ¢m

« If ¢; is negative, the right tail can be written as:

1
exp <—~—>
. Pi
lim Fi(Vi)py, = Z
Vi—+oo 1 > [exp (Vin) + ﬂm](bm -1 }
ex —— | + ex =
P < ¥ mz;gz P { O,

which indicates that the right tail will not disappear for the finite values of ¢;, unless ¢;
is allowed to tend towards —oc.

(87)

« Interpretation of ¢; and fi,.
Analogously to the LIN-IPT-L family, the role of ji; can be best understood if every ¢; is set equal

to O:
P(V3) __XP {In [exp (Vi) + fi;]} _ exp (Vi) + ji;
© B %L: exp {In[exp (V) + fin]} %L: [exp (Vi) + fir]
Riexp(Vi)  exp(Vi+InRy) (88)

- N Rpexp(Vin) Yexp(V,+1nR,)

where R; = 1 + fi;exp (—V;).
In this special case, the BT-IPT-L and LIN-IPT-L families are exactly equivalent since fi; is equal
to (1 — p;). The total shift in V; represented by In R; can be similarly distinguished:

1. In the absence of information on V;, i.e. V; = 0, the shift is just equal to In (14 ;) which is
aways nonnegative due to the constraint ji; > 0. In this respect, fi; can be similarly interpreted as
in LIN-IPT-L: it represents the “a priori ignorance” of the modeler, or a captivity level which is
gradually modified as he incorporates some information on V;.

2. For positive values of V;, the shift will be less than In (1 + f;) whereas for negative values of V;,
it will be greater than In (1 + ;). In this sense, the shift can be interpreted as the portion left
unexplained that the alternative specificity represented by V; fails to capture.
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But unlike the LIN-IPT-L family, the role of q@ is to alow different functional forms for the term
[exp (Vi) + f;] instead of exp (V;) aone, in order to take into account the errors of specification of the
representative utility functions or incomplete descriptions of consumer characteristics.

4.2 Generalized Linear Model Types

These model types are more general than the STANDARD LINEAR model types. Due to the nonlinear
transformations on all the exponentias of V,,,’s (m =1,...,M) in each probability function P;(-),
namely the inverse and direct Box-Tukey transformations for LIN-IPT-L and BT-IPT-L respectively,
different specification contraints on the independent variables of the LINEAR CLASSICAL LOGIT can
be relaxed in these model types without creating any identification problem for the 3-coefficients, provided
that at least M — 1 ¢-parameters of LIN-IPT-L be different from 1, and at least M — 1 ¢-parameters
of BT-IPT-L be different from O:

1. The assumption (iv.b) is modified so that a network characteristic of an :th alternative can now be
specified in a linear form not only in its own alternative, but also across some or all alternatives.

2. The underidentification problem of the mode-specific effects (f) and (g) which existsin the LINEAR
CLASSICAL LOGIT can be dealt with by specifying in all aternatives:

(F) A socioeconomic variable or a network characteristic of an ith alternative in a linear form.
(g) The dternative-specific constants.

The main implication of (1) and (2) is that the LINEAR CLASSICAL LOGIT is not nested in these
model types, since for the 3-coefficients to be identified, the ¢-parameters cannot be all equal to 1 for
LIN-IPT-L and the ¢-parameters cannot be all equal to O for BT-IPT-L, even though these parameter
contraints can be relaxed for the special case where al the socioeconomic variables and the network
characteristics of an :th alternative appear only in M — 1 alternatives at most and that the alternative-
specific constants appear in M — 1 alternatives exactly, since by definition a network characteristic of an
ith alternative can only be specified in its own alternative in the LINEAR CLASSICAL LOGIT. Table 4
summarizes the special contraints on the extra parameters for the Generalized Linear Model Types of
LIN-IPT-L and BT-IPT-L.

Note in particular that for assumption 2.g under which the alternative-specific constants appear in
al alternatives, this specification cannot include the LINEAR CLASSICAL LOGIT since in the latter
case, only M — 1 specific constants can be identified whereas in the LIN-IPT-L and BT-IPT-L cases,
M specific constants are always identified provided that at least M — 1 ¢-parameters in LIN-IPT-L be
different from 1, and at least M — 1 ¢-parameters in BT-IPT-L be different from 0,
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TABLE 4 Specia constraints on the extra parameters for the
Generalized Linear Model Types of LIN-IPT-L and BT-IPT-L.

einal M dternatives: at least M — 1
¢-parameters should be different from 1.

VARIABLE SPECIAL CONTRAINTS ON THE EXTRA PARAMETERS

LIN-IPT-L ALTERNATIVE-SPECIFIC CASE GENERIC CASE
I the CONSTANTS | in M — 1 aternatives exactly : No contraints Not allowed
are present

Same as left column

If the SOCIOECO-
NOMIC and NET-
WORK variables are
present

* in some aternatives : No constraints

einal M dternatives: at least M — 1
¢-parameters should be different from 1.

Same as left column

Same as left column

e inal M dternatives: at least M — 1
¢-parameters should be different from 0.

BT-IPT-L ALTERNATIVE-SPECIFIC CASE GENERIC CASE
I the CONSTANTS | in M — 1 aternatives exactly : No contraints Not allowed
are present

Same as left column

If the SOCIOECO-
NOMIC and NET-
WORK variables are
present

* in some aternatives : No constraints

e inal M dternatives: at least M — 1
¢-parameters should be different from 0.

Same as left column

Same as left column

[CIN-TPT-T]

Like for the Standard Linear Model Type, the symmetry property (d) and the thin-equals-tails property
(e) of the LINEAR CLASSICAL LOGIT no longer hold for the Generalized Linear Model Type:

(d.1) The probability curve of the LIN-IPT-L family, P;(V;); ., is not symmetric with respect to its
inflection point. Since the LINEAR CLASSICAL LOGIT is not nested in this model type, the
dope of the curve cannot be expressed in terms of the slope of the probabilitty curve of the
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LOGIT family P;(V;),:

1

OP (Vi) Al (1= Pi(Vy)pplexp (Vz)

m

(89)

(d.2) The probability curve P;(X.;); ;; infunction of an independent variable X.;, which appears both
in the 7th alternative and across some or al aternatives is also asymmetric with respect to its

inflection point:
OL(X k) — OB(Vi)ppp, OVi 1 E 0F:(Vy)pp 0V; (90)
0X av, 00Xy P av, 09Xy
where 9V;/9X ., is equal to B and OV;/dX  is equal to 3] if V; is function of X, or zero
otherwise.
(e)  The asymmetric-tails property of LIN-IPT-L (S-LIN) still holds for LIN-IPT-L (G-LIN).
[BT-TPT-L]

Similarly, the symmetry property (d) and the thin-equals-tails property (e) of the LINEAR CLASSICAL
LOGIT no longer hold for the Generalized Linear Model Type:

(d.1) The probability curve of the BT-IPT-L family, P;(V;)g;;, is not symmetric with respect to its
inflection point. Since the LINEAR CLASSICAL LOGIT is not nested in this model type, the
sope of the curve cannot be expressed in terms of the slope of the probabilitty curve of the
LOGIT family F;(V;);:

op i(Vi)BIL
ov;

(d.2) The probability curve P;(X.;) g5, in function of an independent variable X, which appears both
in the 7th alternative and across some or al aternatives is also asymmetric with respect to its

= BI T RVl = P(Vi) gl exp (V). (92)

inflection point:
OP(Xt)prr, — P (Vi)prr, OVi 1 E OP(Vi)p OV (92)
0X % 0X &~ % 0X
J#1 /
where 0V;/0X 1 is equd to ﬂ,@ and 9V;/0X.; is equd to ﬂ,ﬁ if V; is function of X, or zero
otherwise.

(e)  The asymmetric-tails property of BT-IPT-L (S-LIN) still holds for BT-IPT-L (G-LIN).

4.3 Standard Box-Cox Model Types

The standard Box-Cox Model Types of the IPT-L families only differ from the Standard Linear Model
Types by relaxing one additional assumption (iv.a) of the LINEAR CLASSICAL LOGIT to alow for
the use of the Box-Cox transformations on the strictly independent variables X;;.’s included in each
Vi s Vie = S 0X5
k
The use of the Box-Cox transformation on an independent variable X;;, implies that:

(d.2) The response curve P;(X;i); ;7 for the (S-BC) model type remains asymmetric with respect to its
inflection point as for the (S-LIN) model type. The slope of P;(X;x);;; can be written as:
P (Xir) gy, _ OB(Vi)p, OVi _ 0B(VY)

LIiL ﬂkXZ/\kk71 (93)
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where 9 P;(V;); ;. /0V; is dready given in (78) and 9V;/0X,;, is equal to 5, X .

Since this slope can be positive or negative depending on the sign of 3y, the curve Pi(Xx);
can be nondecreasing or nonincreasing respectively. Moreover the slope depends also on Xﬁj‘l
which is not present in the (S-LIN) model type, hence the effect on V; due to a variation of X,
0V;/0 X, is identical to the one already analyzed for the LOGIT (S-BC) model type.

The response curve P;( X ;1) 5, for the (S-BC) model type also remains asymmetric with respect to
itsinflection point as for the (S-LIN) model type. The slope of P;(X;;)g,; hasthefollowing form:

OP(Xik)pr, _ OP(Vi)gyy, 0Vi _ OP(Vi)

BILﬂkXZ'/\kk_l (94)

where 0P;(V;);, /0V; is dready given in (83) and 9V;/0X;; is equal to By X '
The general characteristics of the slope of Fi(Xix)g;; ae smilar to those of the slope of
PilXae)prr-

4.4 Generalized Box-Cox Model Types

The Generalized Box-Cox Model Types of the IPT-L families only differ from the Generalized Linear
Model Types by relaxing one additional assumption (iv.a) of the LINEAR CLASSICAL LOGIT to alow
for the use of the Box-Cox transformations on the strictly independent variables X;;’s included in each
Vi V=% BX .

The use of the Box-Cox transformation on an independent variable X, which appears not only in
the 7th aternative but also across some or al aternatives implies that:

(d.2) Theresponse curve P;(X.;); ;; for the (G-BC) model type remains asymmetric with respect to its
inflection point as for the (G-LIN) model type. The slope of P;(X.x);;; can be written as:

api(Xk)mL _ api(Vi)LIL oV; 1 E 8Pi(vj)r,m an

IX 1 oV, 0X» oV, 0Xx (%)

IE

which is similar to the slope associated with the (G-LIN) model type, except for the effects on V;
and the V;'s due to a change of .X.;, which now depend on the level of X.;.: 0V;/0.X ., = ﬁ,@X?j‘l

and OV; /00X = ﬂ,‘iX.A,:k_l if V; is function of X, and zero otherwise.

The total effect on P;(X.;);;; due to a variation of X ; is hard to predict since it depends not
only on the signs of the 3, -coefficients associated with X, across the alternatives, but also on the
level of X, itself and on the signs of the Ax-parameters across the alternatives.

Similarly, the response curve P;(X.;)g5;; for the (G-BC) model type remains asymmetric with
respect to its inflection point as for the (G-LIN) model type. The slope of P;(X.;)g;; has the
following form:

aPi(Xk)BIL _ api(Vi)BIL ov; 1 E aPz’(VJ‘)BIL GVj

- vV,  0X.

IX . v X, (96)

i#i

which is analogous to the slope associated with the (G-LIN) model type, except for 0V;/0.X ., and
dV;/0X ., which are identical to those associated with the LIN-IPT-L (G-BC) model type.
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Again, the total effect on P;(X.;)g;; due to avariation of X ; is difficult to evaluate for the same
reasons as for the LIN-IPT-L (G-BC) model type.

()  For asocioeconomic or network variable, the mode-specific effect can be identified by specifying
the same variable in al alternatives:

1. With acommon A-parameter across the aternatives, hence at least M — 1 ¢-parameters should
be different from 1 for LIN-IPT-L (G-BC) and at least M — 1 ¢—parameters should be different
from O for BT-IPT-L (G-BC) so that the 3-coefficients across the alternatives remain identified.

2. With distinct A-parameters across the aternatives, hence the specia constraints on the extra
parameters can be removed since the 3-coefficients of the variable across the alternatives are
always identified.

() Likefor the Generalized Linear Model Types, the mode-specific effect obtained by specifying on
the aternative-specific constant for every aternative can be only be identified:

1 If at least M — 1 ¢—parameters are different from 1 for LIN-IPT-L (G-BC).
2. If atleast M — 1 ¢—parameters are different from 0 for BT-IPT-L (G-BC).

Table 5 summarizes the special constraints on the extra parameters for LIN-IPT-L (G-BC) and
BT-IPT-L (G-BC) required for the identification of the mode-specific effects of the constant and the
socioeconomic and network variables. Note that for each family, detailed analysis of the subcases | and
I concerning the specification of a network variable is not given as it was done for LOGIT (G-BC) (see
Table 3). As a genera guideline, these subcases till hold for the two IPT-L families. But due to the
nonlinearities introduced by the direct and inverse Box-Tukey transformation on every exponentia of
Vi, there would be other less constrained specifications which could be used in addition to the identified
subcases of LOGIT (G-BC).
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TABLE 5 Specia constraints on the extra parameters for the
Generalized Box-Cox Model Types of LIN-IPT-L and BT-IPT-L.

einal M dternatives. at least M — 1
¢-parameters should be different from 1.

VARIABLE SPECIAL CONTRAINTS ON THE EXTRA PARAMETERS

LIN-IPT-L ALTERNATIVE-SPECIFIC CASE GENERIC CASE
IT the CONSTANTS *in M — 1 dternatives exactly : No contraints Not allowed
are present

Same as left column

If the SOCIOECO-
NOMIC and NET-
WORK variables are
present

* in some alternatives : No constraints

e in al M dternatives:

1. With a common A-parameter across the
aternatives, at least M — 1 ¢-parameters
should be different from 1.

2. With distinct A-parameters across the
aternatives, no contraints.

Same as left column

Same as left column

Not alowed

e inal M dternatives: at least M — 1
¢-parameters should be different from 0.

BT-IPT-L ALTERNATIVE-SPECIFIC CASE GENERIC CASE
I the CONSTANTS | in M — 1 aternatives exactly : No contraints Not allowed
are present

Same as left column

If the SOCIOECO-
NOMIC and NET-
WORK variables are
present

* in some alternatives : No constraints

e in al M dternatives:

1. With a common A-parameter across the
alternatives, at least M — 1 ¢-parameters
should be different from O.

2. With distinct A-parameters across the
aternatives, no contraints.

Same as left column

Same as left column

Not alowed
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4.5 Specification of the Independent Variables

Except for the Generalized Linear and Box-Cox model types which are aready reported in Tables4 and 5
respectively due to the special contraints on the extra parameters for the identification of the 3-coefficients
associated with the constant terms and the socioeconomic and network variables, the specification of these
variables for the Standard Linear and Box-Cox model types remains the same as for the Standard Linear
and Box-Cox model types of the LOGIT family respectively (see Table 3).
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5 MAIN RESULTS

5.1 Elasticity and Marginal Rate of Substitution (Value of Time)

Elasticity
The point elasticity of choosing alternative ¢ with respect to the kth independent variable which describes
the utility of the hth alternative for observation ¢ is defined as:
OP;; Xk
OXnie Pt

Ejly = 97)

The program computes the point elasticity E ». and its components, namely the derivative
JP;; /0 Xy, and the variation of P;; relativeto apercent variation of Xz, (0P /0Xner ) Xner, @ the sam-
ple means of al the independent variables in their original units. Note that Ehtk and (0P /0 X per) X her
are invariant to changes of measurement units in X;., but not 9 P;;/0X ;4.

The derivative 0 F;;/0 X4 is given by the following formulas in which the subscript ¢ is omitted
from Pit, Xpik, Vine, D72L and A,

LOGIT .
op  Di-PE DR
K] — m 98
3th EeXp (Vm) ( )
S-DOGIT
9P (D;Lk+0izDik)_PiE(Dhmk—l_eszik)
7 J m J
= 99
> lexp (Vi) + 0 E exp (V;)
m J
G-DOGIT
Dip+ ¥ 05D, | - BX | Di+ 3 0,505,
P i m i#m (100)
> |exp (Vi) + ; Omj exp (V)
m JEmM
LIN-IPT-L
L1 L1
P, [A;% Dz’“] e [A%m D%]
- _m (101)
BT-IPT-L
P [B¢ DI exp <B(¢ )>] Py [B% Dyt exp <B(¢"‘)>]
= m (102)
hk E exp <B >
where oV
Dy = exp (Vi) mem (103)
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and
0 , iIf Xp,1 is not present in aternative m # h,

B, XN =1 if X}, is aternative-specific and also appears
in aternativem # h, with a coefficient 3, # j;,
oV,
X, = (104)
ﬂkXij‘l , if Xy is generic and also appears in aternative
m # h, with a same coefficient 3y,

ﬂngg‘l , if m = h and X}, is either generic or alternative-specific.

Note that the explicit form of 0V, /dX. corresponds to the case where an independent variable
may appear across the alternatives but only once in each of them. The program can also handle the
more complex case where the variable is present across severa alternatives in each of which it may be
specified as two or more independent variables with distinct A-parameters.

Among the five families, only the LOGIT family has a built-in property based on the Independence
from Irrelevant Alternatives (I1A) axiom which states that for a given observation ¢, the ratio of the
estimated shares for any pair of alternatives remains the same irrespective of the total number M of
choices considered. If X, appears uniquely in the hth aternative, the cross elasticities are then uniform
across the aternatives ¢ # h since they do not depend on the estimated shares P;’s:

Epy, = Brlbin — P) X (105)

where é;;, = 1, if i = h (direct elasticity) and é;, = 0, if ¢ # h (cross elasticity).
In al other cases, the cross elagticities will not be equal:

i. If asocioeconomic variable appears in more than one alternative;

ii. If anetwork characteristic of a given mode which usually appears in its own alternative only as
in the Standard Linear or Box-Cox Logit, may be present in other aternatives as allowed in the
Generalized Box-Cox Logit.

Corrected elasticities and percentage points for a quasi-dummy or a real dummy

The concept of elasticity strictly implies that an independent variable X, is of continuous type. Since
all the independent variables specified in a model may not be necessarily continuous, a classification of
the variables into four categories is needed to alow for the correction of the elasticity at the sample
means of the independent variable when the variable is a discrete variable such as a real dummy, or a
nonnegative continuous variable which can be dichotomized as having an effect if it is positive and no
effect if it is null, and hence can be called for convenience a “quasi-dummy”:

Category 0: Continuous variable strictly positive.
Category 1: Any continuous variable which is not strictly positive.
Category 2: Quasi-dummy, i.e. a continuous variable containing only positive and null values.

Category 3: Real dummy which has only two values: 0 and a positive constant, for example a binary
(0-1) variable such as a dummy for an O-D pair within the same province or a dummy associated
with a quasi-dummy if the latter is allowed to be transformed by Box-Cox but only for the positive
values of the variable.
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The first category is used to regroup al the continuous variables which can be transformed by Box-
Cox since they are dtrictly positive. The second category includes any continuous variable not strictly
positive, hence not transformed by Box-Cox. The third category is mainly used to indicate a continuous
variable which is nonnegative but for which the elasticity at the sample means is corrected for the portion
of the positive values of the variable, if one is interested in evaluating the impact of the variable when
the effect is present only. Strictly speaking, the variable cannot be transformed by Box-Cox, but if a
Box-Cox transformation is desired, then only the portion of the positive values of the variable is subject
to the transformation. Hence an associated real dummy which has a value of zero if the quasi-dummy
is null and a value of one if the quasi-dummy is positive, must be created and specified in the same
alternative where the quasi-dummy appears. Finally, the last category includes any real dummy, including
the dummy associated with a quasi-dummy, for which the elasticity is corrected for the portion of the
positive values of the real dummy. Note that al the variables in this category cannot be transformed
by Box-Cox.

The elasticity with respect to a quasi-dummy or a real dummy X, is corrected for the portion of
the positive values of the variable as follows:

v+
Eynly = Eiulx %7 (106)

hk
where Eit | ¢ isgiven in (97) evaluated at the sample means, X ;. is the sample mean computed from the
whole sample for a socioeconomic variable and from the subset of observations available in alternative
h for a network variable, and X ;Lfk is the sample mean computed from the positive observations in the
whole sample for a socioeconomic variable and from the subset of positive observations available in

aternative i for a network variable.

Note that the change of P;; (the change in percentage points) relative to a percent variation of Xy
a the sample means is similarly corrected:
0Py Xk

cit | = " x i 1.2 107
MR T X M x X (107)

Marginal Rate of Substitution or Value of Time

In consumer demand theory, the marginal rate of substitution (MRS) of a given variable X, for any
other variable X, associated with the utility component V; is defined as the implicit tradeoff between
X and X, a a constant level of utility V;:

C OV [0X (108)

MRSY .

In transportation demand analysis, one MRS type of interest is computed for the travel cost, say

C; = X1, and one of the different types of time (e.g. waiting time, access time, in-vehicle time), say

T; = X;,, by mode ¢. In this case, the margina rate of substitution MRS ZT is called the Value of

Time (VOT), which represents the implicit price that the consumer is willing to pay for a reduction of
his time by mode : without affecting his level of utility V;:

_ 0Vi/oT;

VOT cit. = Gy jac,

(109)

For notational compactness, VOTg’“Tl will be denoted as VOT:; where the superscript 7 is associated
with V' and the first and second subscripts 2 with ' and T’ respectively.
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Since the value of time is strictly defined with respect to V; which differs only across the model
types within a family, but not across the families for a same model type, an explicit form of VOT will
be given in terms of the model types irrespective of the family considered. Apart from the three main
model types, namely (S-LIN), (S-BC) and (G-BC), which can be specified for each of the five families,
a fourth model type (G—LIN) is only alowed in the two IPT-L families (see Section 1.3).

e (S-LIN) Model Type

Each V; includes only its own C; and 7; in linear form:

B,

VOT}; = = (110)
B,
where 3. and ¢, are the coefficients associated with T; and C'; respectively in V;.
e (S-BC) Model Type
Each V; includes only its own C; and T; : with a Box-Cox transformation on each variable:
. AL =1
. N ML
VOT, = ﬂTZiA (1112)
i et
e, C

where A%, and A(. are the Box-Cox parameters associated with 7; and C'; respectively in V;.

e (G-BC) Model Type

In this model, each V; can include not only its own C’; and T; but aso the other C';'s and 7;’s
of one or more aternatives j # ¢ with a Box-Cox transformation on each variable. To be completely
general, we will assume that each V; includes all the cost and time variables of the M aternatives so
that a matrix VOT ¢ of M? values of time resulting from the pairwise combinations of the cost and time
variables can be defined for each V;:

VOT{, VOTj, ... VOTjy
VOT' = [VOT ] = VOTm VOTo o VOTau (112)
vof&1 voﬂ42 VO'I:§\4M
where a typical element VOT ;h represents the MRS of C'; for T}, at a constant level of utility V;:
ovjor,  m T
VOT}, = = (113)

av;/oC; N ﬂévcké’i_l

These VOT !,’s are unique since each VOT ', is equal to VOT 7}, ¥im # 4. In other words, they
are invariant with respect to the utility component chosen. Thus, instead of computing a matrix VOT *
for each V;, it is sufficient to calculate for the whole model a unique matrix VOT where each row j
associated with the cost variable C'; and the different time variables 7},’s is now computed with respect
to V;, i.e. for each V;, the own cost variable C'; is used to compute the MRS of C'; for al the time
variables 7},’s appearing in the same alternative j:

VOT}, VOTL, ... VOT},

, VOT2, VOTZ, ... VOT?
voT = |vor), [ = | " % T M (114)

voTi, vord, ... voTi,,
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where a typical dement is VOT?, = (9V;/0T,)/(0V;/0C;) = <ﬂ§hT2Th‘1>/< gjcjcﬂ' 1).

In this form, the diagonal elements of VOT can be called the own or direct VOT's since only
the own cost and time variables of a given alternative are involved, and the off-diagona elements the
cross VOT's otherwise. Note that the form aso includes as special cases the (S-LIN) and (S-BC)
model types, where the direct VOT's are defined and already given in (110) and (111) respectively, but
the cross VOT's do not exist since for every alternative j, only the own cost and time variables, C;
and T, are involved in V.

e (G-LIN) Model Type

Since this model type is nested in the (G-BC) model type for each of the two IPT-L families, al
the formulas of the (G-BC) model type still hold for the (G-LIN) model type with every A-parameter
fixed at the value of 1.

e Computation of VOT ;h in terms of the estimated shareP;
In the program, for computational convenience, the VOT ;h’s in (114) are evaluated in terms of P;

instead of V;, since the derivatives of P; with respect to C'; and 7’; as well as the other C',’s and T}’s
(h # j) appearing in V; are aready available when computing the elasticities and their components.

For CASE A defined in Section 1.1, we will show the equivalence of the procedure for the (G—BC)
model type which includes as special cases the (S-LIN), (S-BC) and (G-LIN) model types. Similar
results can be obtained for CASE B defined in Section 1.1.

Let V; be afunction of al the cost and time variables of the M alternatives:
V; = Vi(C,T,etc.) (115)

where ¢ = [Cq,...,Cyl and T = [Ty, ..., Ty
By definition, for every family, the estimated shareP’; is a function of al the V,,’s:

Py = Py(V) (116)

where V' = [Vi,..., V.
Analogous to the matrix VOT in (114), the matrix V' OT computed in terms of the estimated shares
P;’s can be defined as VOT = {VOTH where a typical element is:

OP; /0T,
aP;[0C;

Using the chain rule for functions of functions, the derivative of P; with respect to 7}, in the
numerator of (117) can be written as:

VOT!, = (117)

or; oP; 0V n dP; 0V, aP IVm E JdP; 0V;
or,  oVioT, OV, 9T, GVM aTh av; 0T,
(118)
8V E op; 0V; 0T, 0V an Vi
ov; 0T, oV, 9T, — OV 9V
Since 0V;/0V; is equal to oneif i = j and zero if ¢ # j, the expression above reduces to:
or; IV 0P
oT, 0Ty, 9V, (119)
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Similarly, the derivative of P; with respect to C';in the denominator of (117) can be shown to be:

oP, 9V, oP;
oC; ~ 9C; oV,

(120)

Clearly, 0P;/0T;, and 0 P;/0C; are different from 0V; /0T, and 0V;/0C; respectively, but only by
a same factor 9.P;/0V;, so that VOT, is identical to VOT?, in (114).

For the (S-LIN) and (S-BC) model types where each V; is exclusively a function of ¢; and T},
only the diagonal elements (j = k) of VOT are defined:

i 8P]‘/8T]‘ _ 8P]/8V] 8V]/aT] _ 8V]/8T]

TOT. . = - —
VOIS = 5b.70¢, = ap,jav, av,jaC, — av,Jac,

= VOT/, (121)

e Value of time at the sample means of the independent variables
The value of time V/OvTj ., can be computed at the sample means of all the independent variables X as.

9p;joT, !

x 0P;/0C;

AL =
J Ty

_ ﬂThTh
A1

VorTy, ==
X ﬂéjc] ki

(122)

In contrast to the elasticity and its components computed at the sample means for a given independent
variable X, which depend on the sample means of all the independent variables due to the presence
of P; if X, only appears in alternative j as well as the presence of the other estimated shares if X,

also appears across the alternatives, the value of time at the sample means V/OvTi 3 ‘X associated with
two given variables C'; and 7}, depends only on:

i.  Their respective sample means C; and T, for the (S-BC) and (G-BC) model types (/\jcj, /\éh # 1).
ii. The ratio of their j-coefficients, 87, /5%, for the (S-LIN) and (G-LIN) model types

(M, =M, =1).
5.2 Other Useful Statistics

Correlation Matrix

For each group of independent variables specified in each alternative, a correlation matrix is computed
in terms of:

i. The original variables at the beginning of the program,
ii. and the Box-Cox transformed variables at the maximum point of the log-likelihood function, if there
is any fixed or estimated Box-Cox transformation involved.

Variance-Decomposition Proportions

To detect the presence of multiple linear dependencies among the original (or Box-Cox transformed)
independent variables, the spectral decomposition of X’X is used for each group of independent
variables specified in each alternative (Judge et al., 1985). This method is similar to the singular value
decomposition of the matrix X (Beldey et a., 1980).
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Let X; be the group of independent variables in aternative ¢ and K; the associated number of
independent variables. The spectral decomposition of XX, is defined as:

K,
XIXi =Y nandi (123)
k=1

where ¢, is the kth eigenvector (K; x 1) associated with the kth eigenvalue v, of X/.X; and the columns
of X, are scaled to unit length but not centered around their sample means, because centering obscures
any linear dependency that involves the constant.

Beldley et al. use a set of condition indexes which is a generalization of the concept of the condition
number of a matrix to detect the presence of near dependencies among the columns of X;:
i.  Condition number of X; : £(X;) = (Ymaz/Vmin)"/* , which measures the sensivity of b to changes
in X'X; or XY, in linear systems like the normal equations X'X;b = X/Y;;
ii. Condition indexes: 7, = (Ymaw/76) % (k= 1,..., K)).
To determine which variables are involved in each near dependency, a decomposition of the variance
of bp(k=1,...,K;) is performed:

K,
ar(by) = o E Giem Y - (124)

The proportion of Var(b) associated with any -, is then computed:

K;

o, = (G5 /70) D (G /) - (125)

These results can be summarized in atable of variance-decomposition proportions, where the el ements
in each column are reordered according to the increasing values of the ,.’s and the sum of the proportions
in each column is equal to one.
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TABLE 6 Eigenvalues of X, X;, Condition Indexes of X; and Proportions of Var(b).

EIGENVALUE CONDITION VARIANCE-DECOMPOSITION PROPORTIONS
INDEX Var(b ) Var(b,) . Var(bg,)
Y (Ymin) m = r(X;) 11 ISP e I k,
Y2 2 Iy 1P <. HzK,
’VK,(’Vmax) N, =1 1§ g2 e Uk, k,

The following rules of thumb can be used to detect the presence of near dependencies:

i. High values of the condition indexes signal the existence of near dependencies. Although 30 has
been suggested, values depend on units and differences between two situations, and robustness of
results may be of more interest than absolute levels of 7 (Erkel-Rousse 1995). In addition, high
associated II's in excess of 0.5 indicate which variable is involved in the collinear relations;

ii. When a given variable is involved in several relations, its proportions can be individually small
across the high n’'s. In this case, the sum of these proportions which is in excess of 0.5 can aso
diagnose variable involvement.

Correlation Matrix of Residuals

For CASE A, according to (10), the estimated covariance matrix 3 of the residuals u;;'s across the
equations defined in (8) is computed at the maximum likelihood estimates of the parameters 11 and can
be given in terms of the correlations r;;’s between the residuals «; and «; of the 7th and jth equations
by using the following relation:

Ty = 7?-ijA (126)
where 6;; and & ;; are the estimated variances of u; and u; respectively, and 6;; isthe estimated covariance
between u; and ;. Note that for the last two cases in (10), diagonal and scalar X, the correlation matrix
of the residuals reducesto an identity matrix of order M — 1 since the covariances, hence the correlations,
of the residuals across the equations are constrained equal to zero.

For CASE B, since the order of the covariance matrix of theresiduals X; varies with each observation
t and the matrix is scalar, i.e. al the variances of the residuals across the equations are equal to acommon
scalar o2 and all covariances are zero, it is not useful to compute the correlation matrix of the residuals
which reduces to an identity matrix of order M; — 1 for each observation ¢.

t-statistics

i) p-coefficients
In the table of results, two types of t-statistics for the estimated 3-coefficients are given in:
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» Unconditional t-statistics computed from the standard errors given by the square roots of the
diagonal elements of the covariance matrices (18) and (20) for CASES A and B respectively. Since these
statistics are not invariant to changes of measurement units in X if estimated Box-Cox transformations
are involved, another type of t-statistics is computed below for this case. Note that when some extra
parameters or Box-Cox parameters are fixed, the t-statistics of the estimated 3-coefficients are implicitly
conditional on the fixed values of the former.

» T-dtatistics conditional on the estimated A-values and the fixed A-values if any, computed from
the standard errors given by the square roots of the diagonal elements of the covariance matrices:

—1
[E (35{1)'21@%{1)] for CASE A
t I=I1

] -1 (127)

for CASE B

where II* is a subvector of II containing only 3 and .

These dtatistics are invariant to changes of measurement units in X. Note that when there is no
estimated Box-Cox transformations, the second row is not given since it is identical to the first row.

ii) Extra parameters and Box-Cox parameters
For the estimated parameters, only unconditional t-statistics are computed from the standard errors given
by the square roots of the diagonal elements of the covariance matrices (18) and (20) for CASES A and B
respectively, since they are invariant to changes of measurement unitsin X . Note that these t-statistics are
implicitly conditional on the fixed values of the extra parameters and Box-Cox parameters if there are any.
The null hypothesis associated with the estimated extra parameters is as follows:
S-DOGIT: Hy : 8, = 0,
G-DOGIT: Ho . 02']‘ =0,

0 (first row)
1 (second row)’
_ 7 o [0 (first row)
BT-IPT-L: Hy @ ¢; 0r fi; = {1 (second row)’
The null hypothesis for the estimated Box-Cox parameters in LOGIT, S-DOGIT, LIN-IPT-L and

_ 0 (first row
BT-IPT-L is Hy : A = {1 Esecond I’())W)'

LIN-IPT-L: Hy @ ¢; or p; = {

Other Statistics
i) Mean share :
. observed: S; = 3 5u/T,(i=1,...,M).
1

« estimated: P, = S P;/T,(i = 1,..., M), where P, is the value of P;, estimated at IT = II.
Note that for the case fA where every observation ¢ in the estimation sample has always M available
aternatives, the sum of observed mean shares 5;’s over M alternatives is always equal to one and
the same is true for the sum of estimated mean shares P/s. But for the case B where some observations
t's in the estimation sample have less than M available aternatives, this adding up property no longer
holds since each observed mean share 5; and each estimated mean share P; can be computed only from
the subset of T; observations where the alternative 7 is available: 5; = 3 5;/T; and P; = 3 Py /T

To preserve this property, one can be tempted to obtain global measures fér the observed and éstimated
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shares similar to those computed in the Prediction Success Table due to McFadden (1979) for the discrete
choice models with disaggregate data (Gaudry and Liem, 1987). But this approach when applied to the
share models with aggregate data also presents some difficulties:

1

The dependent variable 5;; which is continuous over the interval [0,1] should be trans-
formed into a discrete choice variable d;; which is a dummy variable having only two
values 0 or 1, in order to compute the expected number of observations which “chose”
aternative ¢ but have been predicted to “choose” alternative j :

Tijzzditpjtv (ivjzlv"'vM) (128)
1

where d;; = 1if S = max (S5,,;), m € Cy, and d;; = 0 otherwise.

Recalling that in a Predic?ion Success Table, the different 77;;’s are presented in a matrix
where the rows correspond to the actual (or observed) aternatives and the columns to
the predicted (or estimated) alternatives, the sum of 7;;’s in each row ¢ represents the
observed count, i.e. the total number of observations which actually “select” alternative
¢, and similarly the sum of 73;’s in each column ; denotes the predicted count, i.e.
the total number of observations predicted to “choose” aternative 5. Then from these
observed and predicted counts, global measures for the observed and predicted shares can
be computed as:

1 1
Observed Share; = T QObserved C'ount; = T E T;; (129)
j

1 1
Predicted Share; = T PredictedCount; = T E T;;. (130)

Clearly, the sum of all observed shares over ¢ adds up to unity and similarly for the
sum of all predicted shares over j. But due to the transformation of the share variable
S into a dummy variable d;;, it happens frequently that for every observation ¢ in a
sample, there are certain alternatives whose observed shares 5;;’s are always smaller than
those associated with the other aternatives so that the associated dummy variables d;;’'s
are always zero, and hence all the 7;;’s in the rows corresponding to the alternatives
with smaller shares are zero. Consequently, the global measures for the observed count
and observed share computed from the 7;;’s for these rows are also null. In this sense,
the approach cannot give any information about how small these smaller shares are.

i) Rho-squared: an “intuitive” goodness-of-fit statistic computed for:

« exch alternativer R? = 1 — <

* the whole model: R? = 1

S (SumPu)’
Sy =L ).
S5 (S’

Note that these statistics can be negative since P;; is used to compute the residuals $;; — Py instead
of the expected value of 5;; which is more relevant for a nonlinear model, but difficult to obtain due
to the numerical approximations of the multiple integrals involving the (M — 1)-variate normal density
function for each observation t.
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5.3 Conditions under which the results are invariant

Generally speaking, there can be different types of model invariance depending on the structure of
the model considered. One type of invariance always encountered in econometrics is related to the
problem of the measurement units of the variables. For example, in transportation economics, data on
the independent variables such as income, distance, travel time and travel cost are often recorded in
thousands of dollars, kilometers, minutes and dollars respectively. If the modeler uses these variables in
their original units, sometimes they can create numerical problems such as in the inversion of a matrix
involving these variables. To avoid these problems, the modeler should resort to the change of scales so
that the variables in their new units are expressed in an appropriate order of magnitude. But he does not
want that his model changes numerically due to the change of the measurement units, since the estimation
results are not meaningful if his model changes numerically.

In the case of a change in the measurement units of the independent variables, the invariance of a
model means that the change does not affect:

1. The p-coefficients not related to the change.

2. The Box-Cox A-parameters.

3. The extra parameters. ¢;’s for SDOGIT, ¢;;’s for G-DOGIT, ¢;’s and p;’s for LIN-IPT-L and qgi’s
and /i;’s for BT-IPT-L.

4. The choice probabilities F;;'s.

5. The log-likelihood function L.

6. The elasticities.

In other words, the 3-coefficients directly involved in the change adjust themselves so that all the
remaining parameters, as well as the choice probabilities, the log-likelihood function and the elasticities
are not affected by the change.

For al the five families (LOGIT, S-DOGIT, G-DOGIT, LIN-IPT-L and BT-IPT-L), three types of
model invariance can be considered:

1. Invariance with respect to the choice of an aternative where an alternative specific constant is
omitted, i.e. when only M — 1 specific constants remain to be estimated. In this case, model
invariance means that only the M — 1 specific constants will change but not the other 3-coefficients,
the Box-Cox parameters, the extra parameters, the choice probahilities, the log-likelihood function
and the eladticities.

2. Invariance with respect to a change in the measurement units of an independent variable X;;. which
can be:

A. A linear variable (—oo < X < +00) without a Box-Cox transformation.

B. A positive variable (X;;;, > 0) with a Box-Cox transformation.

C. A quasi-dummy (X, > 0) with a Box-Cox transformation, with simultaneous use of an
associated dummy variable.

Model invariance means that for case A, only the 3-coefficient associated with X, say 3, will
change. For case B, the coefficient 3, will change with a shift in the alternative-specific constant 3;g,
created by the BCT on X, expressed in the new units. For case C, the coefficient 3;;, will change
with a shift in the 3-coefficient of the associated dummy created by the BCT on X, expressed
in the new units.

Within each category of variables, the specification of the constants should jointly be considered
since, as we shall see later, the invariance will depend also on how the constants are specified.
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3. Invariance with respect to a reference aternative R, for two data cases:

A. Full choice set: al the aternatives are available for every observation in the sample.
B. Non full choice set: some or all the aternatives are available for an observation in the sample.

For each case above, three forms of the covariance matrix of the residuals across the equations, X,
can be considered:

a Ful X.
b. Diagona X.
c. Scdar X.

Note that in case B (non full choice set), the model is not identified if ¥ is full or diagonal, since
one cannot compute the different variances and covariances (o;; # 0 if X is full) of the residuals
using the same number of observations due to the different availabilities of the aternatives across
the observations.

We will consider in detail only the case A (full choice set) with a full matrix X jointly with each
of the three specifications of the constants:

i. M specific constants,
ii. M — 1 specific constants,
iii. M equa constants,

since we already know that the invariance holds for a LOGIT model with M — 1 specific constants and
without Box-Cox transformations (Wills, 1982) only if ¥ is full. The same is true for SSDOGIT and
G-DOGIT without Box-Cox. Moreover, the invariance still holds with Box-Cox for the three families
because the property depends strictly on the fullness of the covariance matrix X, but not on the functional
form of the independent variables. All the other cases (3.A.b, 3.A.c, 3.B.c) are not invariant, since X is
diagonal or scalar, for any of the five families.

Specification of the constants
In a model with M aternatives, the constants can be specified as:

i. M specific constants.
ii. M — 1 specific constants.
iii. M equa constants.

Note that in the first three families (LOGIT, SSDOGIT and G-DOGIT), a model cannot be estimated
for the cases (i) and (iii), since the M constants are not identified. But for the last two families (LIN-I1PT-L
and BT-IPT-L), the constants are identified in al the three cases so that a model can always be estimated.

Consider a model with three aternatives in which the representative utility components V;;'s have
the following forms:

Vi Cit 0 0 Xy 0 0 P
‘/215 - 0 CQt 0 0 th 0 (131)
V3¢ 0 0 Cs; 0 0 X3¢ ﬂG

where 31, 32 and (33 are the aternative specific coefficients associated with the constant terms C'y;, Co;
and ('s; respectively, and 34, 85 and ¢ are those associated with the independent variables Xy, Xo;
and X3; respectively.
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[coerT]
The choice probability of aternative 1 can be written as:
P = exp (Vi) _ exp (B1C1 + BaX1z)
1 23: exp (Vint) exp (f1C11 + BaXie) + exp (B2C2 + B5Xot) + exp (83Cs + fsXs¢)
m=1

(132)
Dropping the C,,;’s in the V,,,;’s since they are all equal to 1 for every m and ¢, and dividing the
numerator and the denominator by exp (/35) for example, we get:

P, = €Xp (ﬂl - ﬂ:a) exp (ﬂ4X1t)

1t —
exp (1 — Bs)exp (BaX1¢) + exp (B2 — B3) exp (85 Xat) + exp (B Xat)

i. M specific constants: all we can estimate are the two differences (5, — /35) and (3, — /33), but not
P1, B2 and (s separately.

ii. M-1 specific constants: if we drop the third constant 53 for example, i. e. setting it to zero, then
4 and 33 can be estimated.

iii. M equal constants: if an equality constraint isimposed on al three 3’s (3, = 32 = f33), the common
( disappears since the choice probability reduces to:

eXp (ﬂ4X1t)

(133)

= exp (34 X1¢) + exp (85 Xos) + exp (B X3¢) (134)
The choice probability of aternative 1 can be written as:
exp (Vie) + 61 3 exp (Vi)
Py, = J (135)

<1 + %; 0m> %: exp (Vi)

Dropping the C';;’s in the V;,’s since they are all equa to 1 for every j and ¢, and dividing the
numerator and the denominator by exp (/35) for example, we get:

exp (Vie — f3) + 61 3 exp (Ve — Bs)

Plt - (136)

(1 + ¥ 0m> S exp (Vi — )
where each exp (V;; — f35) has the following form:
exp (Viz — fB3) = exp (B1 — B3) exp (BaX1¢)
exp (Var — f33) = exp (02 — fBs) exp (F5X ) (137)
and exp (Va; — 83) = exp (e Xa)

i. M specific constants: all we can estimate are the two differences (5, — f5) and (5, — f3), but not

P1, B2 and (s separately.

ii. M-1 specific constants: if we drop the third constant 53 for example, i. e. setting it to zero, then
4 and 33 can be estimated.

iii. M equal constants: if an equality constraint isimposed on al three 3’s (3, = 32 = /33), the common
3 disappears since the choice probability reduces to:

exp (4 X14) + O1[exp (BaX1s) + exp (B5 Xot) + exp (S6Xat)]

Plt:
Q+2&)mmmeHWWﬂﬂ+wM%&m

(138)
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The choice probability of aternative 1 can be written as:

exp (Vig) + > b1 exp (Vi)

_ J£1
N S VT S by (V) (139)

m jEm

Dropping the C';;’s in the V},’s since they are all equal to 1 for every j and ¢, and dividing the
numerator and the denominator by exp (/s) for example, we get:

exp (Vi — f3) + ; t; exp (V]t — f33)
TS exp (Vine — B3) + 2 3 Ouajexp (Vi — )

m jEm

P

(140)

where each exp (V;; — 33) or exp (V,,; — 33) has the following form:

exp (Vis — fB3) = exp (81 — B3) exp (B4 X1y)
exp (Var — fB3) = exp (B2 — f3) exp (F5 X2¢) (141)
and exp (Vay — f3) = exp (FsXs¢)

i. M specific constants: all we can estimate are the two differences (5, — f5) and (5, — f3), but not
P1, B2 and (s separately.

ii. M-1 specific constants: if we drop the third constant 53 for example, i. e. setting it to zero, then
4 and 35 can be estimated.

iii. M equal constants: if an equality constraint isimposed on al three 3’s (3, = 32 = /33), the common
3 disappears since the choice probability reduces to:

exp (B4 X1¢) + 012 exp (85 Xos) + 13 exp (Fs X3¢)

(14 021 4 031)exp (B4 X1e) + (1 + 012 + O32) exp (85X 2:) + (1 4 613 + 023) exp (56X3(t1)42)

Py =

The choice probability of aternative 1 can be written as:

[p1exp (Vie) + 1]$ — [

Py = — (143)
E {[¢m €Xp (th) + 1] pm — ,um}
Dropping the C',.¢'sin the V,,,;’s since they are al equal to 1 for every m and ¢, we get:
Py, = (01 exp (1 + PaXqe) + 1] % —L,lh (144)
S {16 €50 (Bon + B Xore) + 1] — |
i. M specific constants: due to the nonlinear structure of the expression

(D €xP (B + B3 Ximt) + 1]¢+n, m = 1,...,3, dl three constants ;, [, and (3 can
be estimated separately.

ii. M-1 specific constants: setting one of the constants to zero, the two remaining ones can aways
be estimated.

iii. M equal constants: setting all three constants equal, the common 3 can be estimated.
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The choice probability of aternative 1 can be written as:

exp { [exp (Vi) +i0:]% —1 }
P1
Py = - (145)
[exD (Vont) iim]*™ ~1 }
Texp (e
Dropping the C',,¢'sin the V,,,;’s since they are al equal to 1 for every m and ¢, we get:
exp { [exp (51+ﬁ4)~(1t)+ﬂ1]$1—1 }
= [oxp (Bt o Jtim]Pm -1 (146)
EXPOm m43<Y mi Lom —
Sew | ;. )
M specific constants: due to the nonlinear structure of the expression
exp{[exp(ﬁ’”+ﬁm+3~Xm’)+ﬂm]¢m_l}, m = 1,...,3, dl three congtants 3, [, and B3 can

be estimated sepa?é”tely.
M-1 specific constants: setting one of the constants to zero, the two remaining ones can always
be estimated.

M equal constants: setting all three constants equal, the common 3 can be estimated.

In the last two families, LIN-IPT-L and BT-IPT-L, the cases of M — 1 specific constants appear

to be analogous to the LOGIT case, but in effect congtitute distinct forms which regluce to the LOGIT
form only if all the ¢ and u-parameters are equal to 1 for LIN-IPT-L, and all the ¢ and ji-parameters
are equal to O for BT-IPT-L.

Invariance properties

A partial type of invariance arises when a particular specification option is adopted. All the invariance
properties according to the type of option chosen and the family considered are given in Table 7, where
the abbreviations are defined as follows:

(Model not identified®): the model is not identified since in the cases (i) and (iii), the constants
are not identified for LOGIT, S-DOGIT and G-DOGIT.

(Model not identified®): the model is not identified since the covariance matrix X (full or diagonal)
cannot computed due to the different availabilities of the alternatives across the observations.

Ul (Unconditional Invariance): the invariance holds with or without the equality constraints on the
parameters ¢’sand j’s for LIN-IPT-L, and on the parameters ¢’sand i’s for BT-IPT-L.

CIl (Conditional Invariance): the invariance holds only if al the ¢'s are equal and al the y’s are
equal for LIN-IPT-L, and all the ¢’'s are equal and all the /i’s are equal for BT-IPT-L.

NO™ : applies to the case (ii) only.

NO™ : applies to the three cases (i), (i) and (iii).
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TABLE 7 Partial Invariance Types in Share Models

TYPE INVARIANCE LOGIT LIN-IPT-L BT-IPT-L
S-DOGIT
G-DOGIT
P1 with respect to the choice of
the alternative where a
specific constant is omitted YES NO NO
(case ii)
P2 with respect to the change of
the measurement units of an
independent variable X;;:
P2.A | Linear Variable
(—OO < Xoar < ‘|‘OO)
i) M specific constants (Model not identified®) Ul Ul
ii) M-1 specific constants YES Ul Ul
iii) M equal constants (Model not identified®) NO NO
P2.B | Positive Variable
(X > 0) with Box-Cox
i) M specific constants (Model not identified®) Cl Cl
ii) M-1 specific constants YES NO NO
iii) M equal constants (Model not identified®) NO NO
P2.C | Quasi-Dummy
(X > 0) with Box-Cox
i) M specific constants (Model not identified®) Cl Cl
ii) M-1 specific constants YES NO NO
iii) M equal constants (Model not identified®) NO NO
P3 with respect to the reference
aternative R
P3.A | Full choice set
a) Full covariance matrix %
i) M specific constants (Model not identified®) Cl Cl
ii) M-1 specific constants YES Cl Cl
iii) M equal constants (Model not identified®) Cl Cl
b) Diagonal © NO* NO™ NO™
C) Scalar © NO® NO™ NO™
P3.B | Non full choice set
a) Full covariance matrix % (Model not identified®) (Model not (Model not
identified?) identified?)
b) Diagonal X (Model not identified®) (Model not (Model not
identified@) identified@)
c) Scaar ¥ NO"* NO™ NO™
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Clearly, for Types P2.B.ii or iii and Types P2.C.ii or iii, the use of Box-Cox transformations on the
independent variables of the representative utility function isvery restrictive. The reason for thisisthat the
cases of M — 1 specific constants differ profoundly from the LOGIT case. The Box-Cox transformations
in effect shift the constants in ways that are hampered by the omission of one specific constant.

By contrast, in the cases of M specific constants, it is surprising that changes in units generally imply
results that are not invariant: invariance only occurs if equality restrictions are used on the outer function.
In general there is no buffer to absorb the shifts: the effect goes on the ¢’s and p’s in LIN-IPT-L and
the ¢’s and ji's in BT-IPT-L, and indeed everywhere, on all model parameters.

Moreover, global invariance properties arise when combinations of specification options are consid-
ered jointly, as indicated in Table 8 where we note:

1. Type P1 can be combined with Type P2.A, Type P2.B or Type P2.C, and Type P3.A.a with regard
to the case (ii) only, since for Type P1, only M — 1 specific constants are specified.

2. For the first three families (LOGIT, S-DOGIT, G-DOGIT), Type P1 can be combined with Type
P2.A.ii, Type P2.B.ii, Type P2.C.ii and Type P3.A .a.ii to give the most general specification where
all the three groups of variables (linear, positive and quasi-dummy) are present for the full choice
set case with a full covariance matrix . The combined result implies that the invariance will hold
globally.

3. For LIN-IPT-L and BT-IPT-L, Type P1 combined with Type P2.A.ii, Type P2.B.ii, Type P2.C.ii and
Type P3.A.aii implies that the invariance will not be preserved globally.

4. For LIN-IPT-L, the combination of Type P2.A.i, Type P2.B.i, Type P2.C.i and Type P3.A.a.i implies
that the invariance will not hold globally. In contrast, for BT-IPT-L, at least the conditional invariance
(CI) will be preserved globally.

5. For LIN-IPT-L and BT-IPT-L, the combination of Type P2.A.iii, Type P2.B.iii, Type P2.C.iii and
Type P3.A.aiii implies that the invariance will not hold globally.

TABLE 8 Globa Invariance Types in Share Models with Full Choice Set and Full X only

TYPE COMBINATION OF LOGIT LIN-IPT-L | BT-IPT-L
INVARIANCE TYPES S-DOGIT
G-DOGIT
Gl i) M specific constants
(P2.A.i)+(P2.B.i)+(P2.C.i)+(P3.A.a.i) (Model not Cl Cl
identified®))
Gll ii) M-1 specific constants
(PL)+(P2.A.ii)+(P2.B.ii)+(P2.C.ii)+(P3.A a.ii) YES NO NO
Glll iii) M equal constants
(P2.A.iii)+(P2.B.iii)+(P2.C.iii)+(P3.A.aiii) (Model not NO NO
identified®)

Note that global invariance will be destroyed for the five families:

1. With full choice set and diagonal or scalar X.
2. With non full choice set and scalar X.
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6 FORECASTING

6.1 Simulation Forecast

Once the parameter vector 11 has been estimated for a variant associated with a model type of a family,
say 11 the estimated parameter vector, the simulated shares P;,’s (i = 1,..., M) can be computed from
agiven set of values of all the independent variables X ; = [ X, Xos, ..., Xass] where atypical element
X isaset of independent variables included in the aternative m for an observation s to be simulated:

p, - L)

= W (147)

where U, (H) iss the utility function evaluated at 11 = 11 and already defined in Table 1 for each family.
For example, the simulated shares for LOGIT (S-BC) are computed at IT = [ﬁ’, ;\’} as follows:
A A
) exp (fés) exp [23/3kjggk)]
Py = /= ik (148)

6.2 Maximum Likelihood Forecast
Eor CASE A, the smulated shares PZ»S’ s can be shown to be identical to the maximum likelihood forecasts
Sis's which are obtained by maximizing the log-likelihood function associated with the observation s,
Ls (Sis|f1, E) with respect to the unknown S;,’s (i # M), given the estimated parameters IT and the
estimated matrix of covariance of residuals X::

~ ~

£, (80l1,3) = —%(M ~ 1)In(27) - %m (det$) - 20,5710, (149)

N | —

- > P

mEM m#EM

where a typica element of U, is i, = In (Sq) —1In (113), where Sass and Pay,

arereplaced by 1 — 3 S5,., and 1 — 3 P, respectively, due to the adding-up share constraint
m#EM m#EM

M

> Gms = 1.

m=1

St ng the first derivatives of £, with respect to the 5;,’s equal to zero yields a system of M — 1
equations with the unknown S;,'s :

oL, o0, \ e, - NN day,
asis - _(aszs) > US - E E 8»9150-] s

7=1 h=1
M-1M-1 ~
aa]s ~ih Shs Phs
- Pjs g g | —22 | [ — || =0 (150
=1 h=1 aszs (1 E Sms 1 - E Pms
m#EM m#M
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where
EIRE S
8A4 Sis 1- E Sms )=
05is | e j#i
1- E Sms ’
m#£M

and 67" is a typical element of the matrix ©1.

Clearly, this system has a solution if every 5, is equal to the corresponding Py, and the solution,
Shs = P, is unique.

A similar result can be obtained for CASE B. The log-likelihood function associated with the
observation s, involving the unknown S;,’s (i # R,) and given the estimated parameters 1l and the
estimated common variance 62 can be written as:

L 2 (152)

262 . Js
“ J#R;

L (Si5|f],&3) = —%(MS —1)In(27) — %(MS —1)ln 62—

where R, is the reference alternative in the set C, of M, available alternatives and i;; =

Sis _ P,
In (1 D Sms) In (1 > Pms)'
m#Rs m#ERs

Setting the first derivatives of £, with respect to the 5;,’s equal to zero yields a system of A/, — 1
equations with the unknown S;,’s:

oL, 1 il
= — — s
0955, o2 05, 7
" J# R
1 1 s P;
= 11 I -1 A =0 153
&3 X 8525 " 1- E Sms " 1 - E Pms ( )
iER m#R; m#R
where ) )
i sty 0T
ujs m#R
= s . 154
05is ﬁ JF (19

m#£Rg

Clearly, this system has a unique solution which corresponds to §j5 = ﬁjs for every ;7 € (.

6.3 Standard Error of Forecast

Since for a general nonlinear equation system there is no analytical formula that can be used to compute
directly the standard errors of forecast, and hence the corresponding confidence intervals for the 5;’s ,
approximate confidence intervals for the P;,’s can be derived using a first order Taylor series expansion
of P;, about the true parameter vector II:

P = Pyt (i0-1) 20 (155)
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Since IT is asymptotically normal with mean 11 and covariance matrix Var(ﬁ) as given in (18) and
(20) for CASES A and B respectively, F;, is also asymptotically normal with mean F;; and variance:

a 8st o 8st
Var By, = S Var(H) o (156)

The estimated value of Var P;,, say Var P;,, is obtained by substituting II for II in the derivative
0P;;/011 which has the following form:

oP, 1
Ol % Ups(T)

8U” P, E aUm (157)

where P;; is equd to U;s(11)/ > U,,s(1) and each derivative 0U;,/01l is given in the table below for

each family.
An asymptotic 100(1 — ¢) percent confidence interval for each P;; can be computed using the
estimated standard error of forecast &(Pis) which is equal to the square root of Var P;,:

Py - Zf/zﬁ(f)is) < Py < P+ Ze/Q&(Pis) (158)

where 7/, is the (1 — ¢/2) percentile of the standard normal distribution.

In the program, the value of ¢ is chosen to be 0.05, hence Z, , is equal to 1.96, to yield a 95 percent
confidence interval for P;.
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TABLE 9 Derivatives of U,,(1I) with respect to II for the five families.

Utility U;. (1) il AU (11)/a11
LOGIT
exp (Vis) Br exp (V; )(?9‘; , where Z‘;k = Xz(;\kk)
o 112 e 2 3, P
S-DOGIT
exp () 0 S exp (V) b exp 5e) 5+ 0 e () 35
b ;eXP (Vie)
M exp (Vi) 0 46, Sew () o
G-DOGIT
exp (Vi) 46, e (V) | A exp (Vie) G+ 30 exp (1) 5
J#i oy
% exp (V)
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TABLE 9 (Continued)

Derivatives of U;,(Il) with respect to I for the five families.

LIN-IPT-L
1 +-1 Vi
[¢z cXp (‘/zs) + 1] ¢11 — M ﬁk Aiiz €Xp (‘/’5) aﬁ ’ WhereAiS = ¢1 €Xp (‘/’5) + 1
k
) 1 -1
¢: >0 AL Brexp (Vi) = A ln (4]
# =0 ~ 5 explexp (Vi) + 2]
e _1
)\k 4’1_1_1 - 8‘/15
AlP exp (st)—a)\k
BT-IPT-L
Vi) + ji]” —1 I i Vi _
exp { [GXP( »)(;' H ] } B exp {197:(:5 )}Bi’l 1 exp (VN)W’ where B;, = exp (st) + f;
[ k
(;;7 #0 exp{Bi(j‘l)}i{Bi’ In (B;,,q) — Bl(;l)}
¢ =0 B;. (% In? Bm)

Ak
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