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Abstract—This paper shows how many particular models found in the travel demand literature, such as the linear,
multiplicative, logit forms and their formulation in terms of first differences, can be derived as special cases of the
specification of the fixed and stochastic parts of more general models. Estimates of the appropriate functional form
of the two equations of a cross-sectional inter-city travel demand model and of the two equations of a time-series
urban travel demand model are presented. It is demonstrated, using current maximum likelihood techniques
extended to take multiple-order auto-correlation into account, that estimating the functional form dominates more
restricted procedures on grounds both of the statistical significance and of the economic reasonableness of the
results. Notably, a standard logit market share equation and log-linear total demand equations appear to be clearly
inferior to less restrictive specifications of these equations.

1. INTRODUCTION

1.1 The significance of functional form

During the past twenty years, numerous passenger travel
demand models have been developed and used to fore-
cast the demand which could be expected in potentially
new or modified travel conditions. Typically, the
parameters of a model or of a set of models with fixed
mathematical form are estimated from historical data and
the resulting values are used to forecast the impacts of
various actions. Among those parameters, the price and
service level parameters, or the elasticities derived from
them, are of particular interest because some policy
decisions are often based on the responses which they
imply. :

Yet these demand elasticities are known to be sensi-
tive to the mathematical form assumed for the demand
function; reasonable results for certain kinds of prob-
lems become associated with specific functional forms:
sequential urban trip generation equations are linear,
intercity direct demand equations are log-linear, and so
on. In the absence of clear theoretical underpinning
concerning the form to be used, it sometimes happens
that numerous forms will be tried and the “best” results
retained. This state of affairs suggests that demand elas-
ticities obtained from arbitrarily selected functional
forms are suspect and that the use of an incorrect
functional form may constitute a specification error of
unknown importance.

Our purpose in this paper is to explore this
specification problem in three ways. Firstly, we show
that several existing demand models are special cases of
a more general fixed and stochastic model specification.
Secondly, the exact functional form of two models, each
of which consisting of two equations, is estimated from
reliable data sets simultaneously with the other
parameters of these models. Finally, the dependence of
demand elasticities on the functional form is brought out
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not only in the intercity model estimated from cross-
sectional data but also on the urban transit model esti-
mated from time-series data. We conclude that incorrect
functional form specification may lead not only to incor-
rect elasticities but even to erroneous signs of important
parameters.

1.2 Methodology: general form of the transformations

The class of admissible functions for travel demand
equations is intractably wide. One way to restrict it is to
derive forms theoretically from more fundamental pro-
positions. Although such methods have proved fruitful in
the physical sciences, their application has been notice-
ably less productive in the socio-economic fields. An
attractive alternative is to express the estimation prob-
lem in as general a form as possible and to let the data
themselves place restrictions on this form.

Although existing models differ, many are in fact
variations on either a linear form, in which the variables
have independent additive effects, or on a product form,
in which complete interaction is presumed to occur. It is
useful to realize that these linear and product forms are
in fact just specific points on a continuum which allows
for varying amounts of independance and interaction
among the variables. If no theory specifies a priori the
optimal degree of that interaction, or if such a theory
exists and should be tested, one might wish to estimate
the degree of interaction using to that end a class of
transformations known as the power family. These
monotonic transformations have been studied suc-
cessively by Anscombe and Tukey (1954), referred to in
Tukey (1957), Box and Tidwell (1962), Box and Cox
(1964), and by Zarembka (1974) in single equation
contexts and applied by Spitzer (1977) in a simultaneous
equations framework. We shall limit our investigation to
a single-equation context.
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Consider the general linear regression problem
y=XB+e, n

where y is an N X1 vector of observations on the
dependent variable, X is an N X(I+K) matrix of
observations on a constant and K fixed or exogenous
independent variables, 8 is a (1+K)X 1 vector of
parameters and e is an N X1 vector of independent,
normally and identically distributed errors with mean and
variance-covariance matrix as follows:

E(e) =0,

2
E(ee')= oI, @

where [ is the identity matrix of order N X N. Covari-
ance matrix o°I will henceforth be referred to as a scalar
matrix for expository purposes. The Box-Tukey trans-
formation of any variable z, where z denotes the depen-
dent variable y or the kth non Boolean independent
variable Xi, is defined for the transformation parameter
A, as

(z+p) -1
Crp®={" 1 A#0, z+u>0, o
In(z+u), A-0, z+u>0.

The standard Box-Cox transformation is obtained as a
special case by setting u =0:

-1
w5 A0,

Inz, A-0. “

The p is a parameter introduced by Tukey (1957) in the
context of the power model. Box and Cox (1964) have
showed that the transformation is continuous at A =0 if
it is specified as above. Both of these models are given
with further details in the Box and Cox paper. Schles-
selman (1971) has emphasized the importance of includ-
ing a constant term in the regression model in order to
preserve the invariance of the transformation to units of
measurement.

In its most general formulation, the transformation can
add two parameter vectors of 1+ K elements to the
original set {8,0°}: one for the location parameters,
= (Rys bty - s Mis - - - » pi ), and the other for the power
parameters, A =(Ay,Ai,...,Ak...,Ak). The set of
parameters under consideration is therefore {u, A, 8, 0’}.
In our time-series section, we will further consider a
vector p of autoregressive parameters.

1.3 Nomenclature

In order to embed the models of interest in this general
context, we will adopt a consistent nomenclature. It
consists of a four-letter code where the first letter dis-
tinguishes the transformation family, whether Box-
Tukey (T) or Box-Cox (C) and the second specifies if
these transformations are limited (L) to certain variables
or extended (E) to all; the third letter indicates whether

the transformation parameters A and/or w are con-
strained (C) to particular values, thereby giving special
cases, or whether they are unconstrained (U). The
final letter summarizes the structure of the covariance
matrix which can be either scalar (S), diagonal (D),
first (F) or multiple (M) order serial autoregressive,
combined diagonal and autoregressive (C) or some more
general (G) form.

As an example of this nomenclature, the most common
forms of these transformation have been the CLUS and
CECS models. These are, respectively, the Box-Cox
transformation limited to the dependent variable but
unconstrained with respect to the value of its parameter
A, and using a scalar covariance matrix; and secondly,
the Box-Cox transformation applied to all variables with
the restriction that the transformation parameters
contained in the vector A are constrained equal and using
a scalar covariance matrix as in (2).

1.4 Scope

1.4.1 Selection of models to be estimated. As our
nomenclature implies and as we will note in our
classification of existing cross-sectional and time-series
models, the joint use of transformation parameters on
observed variables or groups of variables and of
parameters to specify the distribution of the error terms
of these models generates a great variety of interesting
candidates among which no more than a few can
reasonably be investigated in one paper. When the time
comes to choose among and estimate the parameters of
models, certain types will perforce be omitted: in the
cross-sectional analysis, we will make no investigation of
alternative forms of the covariance matrix; the time-
series part corrects this shortcoming by undertaking a
fairly thorough examination of serially autocorrelated
errors, but at the expense of restricting the analysis of
the transformations. We will not formally consider situ-
ations of heteroskedasticity in which the variance of the
disturbance, a2, is not constant.

1.4.2 Criteria for the comparison of estimated models.
1.4.2.1 The likelihood function. Within the context
adopted here, the fundamental criterion for the
comparison of models is how well they are able to
explain the data. One way to achieve this is to maximize
the likelihood of the sample. Under the assumptions
stated in (2) above for the disturbance vector e, the
likelihood of the original observations y for the CECS
transformation can be formulated as:

£L(y; B, o, A)=Qua®) "

@) _ gy, ) )
xexp[—(y 432{'(2)) ﬂ)].lJ(/\;}')la ¥

where |J(A; y)| is the absolute value of the Jacobian of
the transformation from y.*’ to the actually observed y;,
or

) N
;)| = Idet[%‘yiy?]l ='I_1, v ©)
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Because J(A;y) is positive, we will henceforth use it
instead of [J(A;y)|. As emphasized by Zarembka (1974),
the Box-Tukey transformation can be handled similarly
to the procedure outlined here.

It is convenient to maximize the log concentrated
likelihood function. Equation (5) is concentrated by
obtaining an analytical estimate for o, which is S(A)/N
for a given A, where S(A) is the residual sum of squares.
The maximized log likelihood, for fixed A, is then

L(y;A)= —% [InQ27) +1] —Eln S4)

2 —N—+(/\—l)'§=:llny,

M

the last term of which vanishes if, as Box and Cox
suggest, the normalized variate is used:

\)

W =Y yt -1 -1

TToy™ A[(:’Ul y')'/N]A—l ="

®

where y is the geometric mean of the original obser-
vations.

1.4.2.2 Statistical and practical tests. The natural test
of the results as they pertain to the functional form
parameters is to compare the values of the maximized
likelihood function by means of the likelihood ratio test.
If Q is the parameter space under a maintained hypo-
thesis and @ the restricted space generated by a null
hypothesis, the test statistic is well known to be

2[L) - L(w)], ©

where L(Q) is the maximized log likelihood under the
maintained hypothesis and L(w) is the maximized log
likelihood under the restricted hypothesis. The test sta-
tistic (9) has a x? distribution with g degrees of freedom,
one for each restriction appearing in @ but not in ().

Because the values of the parameters which govern
the functional form are not independent from those of
the parameters which specify the distribution. of the
residuals, they should be examined jointly. However, in
the absence of a readily available test for heteroskedas-
ticity, the impact of the functional form on the skewness
and kurtosis of the cross-sectional model residuals will
simply be illustrated and its impact on the variance of the
time-series model residuals will be conjectured upon; the
time-series analysis will contain a joint examination of
functional form and autoregressive structure parameters.

Another way of comparing models is to study the size
and significance of the B8 parameters in (5). This will lead
us to examine their ¢-statistics and the derived demand
elasticities; the variation in the elasticities computed
from models of different functional forms is, from an
applied point of view, probably the most crucial criterion
for distinguishing the properties of one model from those
of another. Except in the purely multiplicative model, the
elasticities are not immediately apparent but can be
derived analytically in a straightforward manner.

2. APPLICATION TO A CROSS-SECTIONAL MODEL OF INTERCITY
TRAVEL DEMAND

Although numerous cross-sectional models have been
developed in various travel contexts, our perspective is
restricted to the class of direct and quasi-direct models.

2.1 Context and theoretical framework.

2.1.1 Notation and definitions. The cross-sectional
models of interest use distinct or composite variables on
travel flows, socio-economic variables and transportation
mode attributes. We shall use the following definitions:

(a) travel flow variables: T = travel demand between
i and j by mode m; T; = ZT;m = total travel between i

and j; Sijm = Tijm/T; = share of travel by mode m be-
tween i and j.

(b) socio-economic and activity variables: A, =
observations on the rth socio-economic activity variable
for the (i, j)th city pair. Elements of this may include
population sizes, income levels and distributions, cultural
aspects (particularly linguistic composition), employment
level and composition, and functions of these elements.

(c) transportation attribute variables: Cjj»ns =0bserv-
ations on the sth “level of service”, generalized cost,
distance or other impedance variable for mode m from i
to j. Elements of this set include travel time, waiting or
transfer time, fare or other money costs, frequency of
departure, comfort, convenience, distance and functions
of these elements, including perception transformations
where applicable. Uj;» = a calculated generalized cost or
impedance term .for mode m from i to j, typically a
function of a group of Cijms’s.

2.1.2 Description and classification of some previous
cross-sectional models. Direct demand models are of
two types: purely direct, using a single estimated equa-
tion to relate the travel demand by mode directly to all
variables considered, and quasi-direct, employing a form
of separability between mode split and total travel
demand problems. Within this classification, a further
distinction may be made between mode-specific, mode-
abstract and quasi-mode-abstract types.

2.1.2.1 Direct models. (a) Direct and specific models.
One of the earliest and best known of this class is the
SARC (Kraft, 1963) model, the implicit form of which may
be written as

R 8 MS
— o
Tl'J'm - Bmo H Aii;"’ H H C;j:_:"sa
r n s

(m=1,2,...,M). (10)

This is clearly a multiplicative model with potentially
very many parameters. Generalized impedance is
obtained by an exponentially weighted product of modal
attributes. With n =m, own attribute elasticities are
obtained and, for n# m, cross elasticities. As is well-
known for multiplicative models of the Cobb-Douglas
type, the elasticities are constant and independent of
the level of the variables. Alternative forms, containing
linear and exponential terms in addition to multiplicative -
ones, have been estimated by Domencich, Kraft.and
Valette (1968) in an urban context.
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(b) Direct and abstract models. In 1966, two papers
appeared which argued that it is the attributes of com-
modities which are of interest rather than the commodities
themselves (Lancaster; Quandt and Baumol). The ideas of
Quandt and Baumol were implemented in an “abstract
mode” demand model the coefficients of which were
relieved of their modal subscripts, yielding parameters
which were estimated by pooling the observations on
modes. This device maps observations from mode space
into attribute space, thereby producing a single demand
function for all modes. Modes differ only by their relative
weights in attribute space. Having freed the equation of
identification with specific modes, it was held that it could
be used for new modes without respecification.

The functional form of the original model of Quandt
and Baumol (1966) may be summarized as:

Tijm = B ASTIC 1 IN(Cijms/ Cigps ), (1n

where Cijs is the “‘best”” mode in the sth attribute from i
to j. This dependency on the best mode for mode split
and generalized impedance is a weakness which may be
partly removed, however, by use of the geometric mean
over modes in place of the best mode (Crow, Young and
Cooley, 1973).

Although widely used, the validity of the pure abstract
mode model can be questioned. The specification error
introduced by imposing what amounts to equality con-
straints on the modal coefficients may be significant. In
fact, Young (1969) has shown as much. Nonetheless, the
abstract model, even in its pure form, does seem to be
able to reveal the structure of the travel market as a
whole. Yet it can be debated whether the resulting elas-
ticities, since they pertain to an average of the travel
market, are sufficiently representative of any individual
mode, including a new mode. Many variants of the
abstract mode model have been attempted on a heuristic
basis. Some of these may have led to the quasi-direct
models which are sometimes quasi-abstract as well and
to which we shall presently turn.

(c) Classification. The models described in eqns (10)
and (11) are special cases of CECS models in which
A =0. The model formulated by Domencich et al. was
also estimated under the assumption that A = 1 and under
mixed sets of constraints

A=(My=0; Ay,...

,Ak =0; Ak.u,. A= ])

and
A=Ay =1 AL A =05 Akrny. o, Ak = 1),

Young’s work was centered on a CECG model with
A=0.

2.1.2.2 Quasi-direct models. Quasi-direct models are so
named because they replace the direct estimation of
travel by mode by the successive estimation of the
market share function and of the total demand for travel
irrespective of mode. Hence

Tijm = Ty Sijm, (12)

in which the dot separates total demand and market
share parts.

(a) Quasi-direct and specific models. One of the first of
these models is McLynn’s well known composite analy-
tic model (McLynn et al., 1968, 1969). In order to explain
the market share of each mode, a mode split equation is
estimated; the parameters so obtained are then fixed and
the denominator of the market share model is used as a
generalized impedance term in the total demand equation
which is thereafter estimated. The form of this model
may be written as

T =BlIAZ[ S0 | - [UZ0n ] 09

where Un = amolICijms and the right hand expression is

written, like (12), such as to distinguish between what
determines total demand and what explains modal
shares. The advantage of this model over the SARC
model is that the number of parameters is reduced while
retaining the essence of mode specificity. There still
remains, however, a considerable set of parameters to be
estimated as separable sub-sets in a two-step procedure.

(b) Quasi-direct and quasi-abstract. A relatively un-
known model has been developed by Monsod (1967,
1969): it closely resembles McLynn’s model but uses a
base mode for the mode split problem and its rationale is
predominantly abstract. Again, using the denominator of
the market share part as a generalized impedance term
leads to

Tym = Boll1Af; [g, Um]7 : [UM/E Um], (14)

where the dot separates the explanation of total demand
from the explanation of market shares, where U, =
amolICins and amo=1 if m is the base mode. This

device is due to the fact that mode split is estimated as a
ratio of the base mode’s attributes: the constant in the
mode split equation differs from one only for non-base
modes. In the original formulation, Monsod constrained
the amo’s of the mode split part to be equal except for the
base mode m = b, and then set all ano’s in the impedance
term of the total demand part equal to one.

(c) Classification. As we shall presently see, both eqns
(13) and (14), which differ only by the constraint imposed
on cost or level of service exponents am’s contain
market share and total demand parts which respectively
constitute a CLCS model with A« = 1 and a CECS model
with A = 0. We therefore turn to the explicit exploration
of the functional form of both market share and total
demand equations.

2.1.3 A family of models and their associated demand
elasticities. We shall explicitly consider families of mode
split and total demand models. The market share models
may or may not be destined to yield information for use
in an eventual generalized impedance term of the total
demand equation; the basic structure of the discussion of
the total demand equation will be applicable to other
contexts. We will drop i, j subscripts to simplify the
presentation.
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2.1.3.1 The generalized market share model and special
cases. Let the modal generalized cost be defined as

Un= CXP(amo + Zamk(cmk + lh.k)“"")),

k=1,...,K 15
where
A=Aty Aty e s Atk e ooy ALK)
and
M= (s ey Bt - 1K)

are transformation parameter vectors associated with the
modal share equation and

(ka + llvl,k)'\"k -1

(Consc + i p) ™ =
Ak

according to (3). Then the market share demand equation

s=te[3u-]

(16)

becomes, by substitution of (15) into (16) and by trans-
formation of the dependent variable

exp (@mo+ Zamk(cmk + ) M)

(S + 1) = .
2 exp (amo+ Za,,.k(ka T )

amn

To obtain known forms from the general market share
model proposed in (17), one must first set u,, =0 and
Ay =1 in order to use as dependent variable the un-
transformed market share. The use of that constraint and
the imposition of the following equality constraint

Amk = @, m=12,..,.M; k=12,...,K,
(18)
to (17) results in a quasi-abstract model:
€Xp (dmo+ zak(cmk + llrl.k)m‘k))
Sm = 2 (19)

S (oot S pt)
m k

This model may be further restricted to a pure abstract
mode format by the additional equality constraint on the
mode specific constants in (19)

Amo=ao, m=12,.., M. (20)
In the absence of constraint (18), the own elasticity of
market share derived from (19) is found to be an expres-
sion containing not only the parameters but also the

TR Vol 12, No. 4—C

market share, S,., and the value of the cost variable:

n = %,T (9"‘—) = e (ot + 144 (1 = ).

Sm
@1

At this point, it is of interest to highlight special cases
contained in the subclass defined by model (19) by set-
ting the remaining transformation parameters of vectors
A1 and u, to specified values. Setting u,« =0 for all k,
the more restricted Box-Cox logit form is obtained:

exp(amo + D aCo ))
Sm = L

> exp(amo + Eaka.A.ﬂ'“)'
m k

22

If, in addition, the A, ,’s—> 0 for all , the multiplicative or
product form is derived:

exp(amo)[IC %
Sm u (23)

> exp (amo)l;IC;‘i.

That basic form is used in the mode split parts of
McLynn’s and of Monsod’s models mentioned above.
Finally, if, instead of letting A,x’s—>0, they are set to
unity, the standard linear in parameters logit model is
obtained:

exp(a,,.o+ Zakak)
Sm = k

) ; exp(amo+ gakak). 9

The own market share elasticity corresponding to (22) is

ns = axChit(1- Sm); (25)
for the corresponding multiplicative model (23), it is
ns = ax(1-Sn) (26)

and the same elasticity for the standard logit model given
by (24) is

ns = akak(l - Sm) (27)

2.1.3.2 The generalized total demand model and special
cases. The estimation of the total demand for travel
between a given city pair involves a set of socio-
economic activity variables A and the general impedance
or cost obtained from market share equation estimates.
This is given by

T= [ﬁo + }k:ﬂk(Ak + o )220

+ B 1(U + pa s ) 324+ »  (28)

](Az.y'“Z.y)"
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where A= (Azys A2.1s -« oy A2 k1) and 2=
(M2.ys B2.1, - - - » h2k+1) denote transformation parameter
vectors associated with the total trip equation,
where

U=2 Un
Um =€exp (amo + Zamk(cmk + ,"I.k)“l'k))

and (A,.,, u2.,)”" indicates the inverse of the Box-Tukey
transformation applied to the left hand side of (28). As in
the market share equation, several special cases may be
obtained by applying restrictions. Irrespective of the
functional form adopted in the market share equation,
any of the following are simply derived. Setting p,=0
leads to the Box-Cox case:

(A2,p-1
T= [Bo+ 3 BALW + B, U“’-“*"] )

A special case of eqn (29) was considered by Kau and
Sirmans (1976). If, in addition, all elements of A, tend to
zero, a product form is obtained as in models (10), (1)
and in the total demand part of models (13) and (14). This
form includes the gravity model:

T= exp(ﬂo)[lgAk"*w"**'. (30)
Setting all elements of A, equal to 1 leads to a linear form
for the total travel equation:

T=Bo+;ﬁkAk +ﬂk+lU» (3‘)

whereas maintaining A.,—0 leads to an exponential
form

T=exp (so+ 3 Bile + B U)-. (32)

The exponential function used to obtain (30) and (32) is
clearly the inverse of the Box-Cox transformation for
Az_y -0.

As in the market share equation, the own elasticity
with respect to travel cost or attribute contains not only
parameters but varies with market share and the value of
the cost variable considered:

T (Gm)
nT aka T
= amk(Comk + Ml,k)“'k-Ikaﬁk‘HUm

X(U + paier) (T + p2y)' 2T, (33)

where

T= [1 +Azy (50"' ;ﬁk(Ak + g2y )M
Azy-!

Y
+ Bk+l( U+ [L‘z.kﬂ)('\z'kﬂ))] — M2,y

and U and U,, are as defined for eqn (28).

If the transformation (A4, pix) for the market share
equation is given, the total travel own elasticities of
demand for special cases (29) to (32) can be expressed as
follows. For the Box-Cox case, (33) simplifies to

07 = k(G + 1) ConkBr+1Unm Uraka1m T2y
(34)

where

-1
A2,
T= []+)‘2'y(30+ zﬁkAk(A“)"‘BkﬂU(AMH))] Y .
K

The corresponding elasticity for the product form (30) is
obtained by, in addition, letting A, —0 for all k, thus
reducing (34) to

N1 = Cmi(Crk + #1.k)A"k_lkaBk+|Sm H (35)
and, for the linear model, the same elasticity is
N7 = Qi (Conic + prac )" B UnT™', (36)

where
T=(Bo+ 1)+ gﬂmkwkﬂu

whereas, for the exponential model given by (32), it is

07 = @i (Conke + 14" ContBic+1 U (3N
[ ]
2.2 Model selection and estimation procedure
2.2.1 Model considered. The basic model format

selected for investigation is that obtained by combining
the quasi-abstract mode split eqn (19) with total travel
demand eqn (28), namely the following formulation:

T= [Bo+ gﬂk (Ax + p2k AR

(A2,yom2,y)
+Bk+1(U+IJ-2.k+|)uz'H')] m (38)

exp (am0+ > a(Cok + u..k)‘“"'))
k

X .
Z CXP<am0+ 2 a(Conkc + p1 & )(A"k))
m k

where
U= E CXP(amo + Zak(cmk + ﬂl.k)(Al'k))'

This format is a generalization of the particular model
My =LAx=0, u,=0; A,=p>=0) found in Wills
(1974) and in a Canadian Transportation Commission
study (1976).

The explanatory variables in the mode split equation
are, in addition to the mode-specific constants, the fare
F, the travel time H and travel frequency D of four
intercity travel modes: car, air, rail and bus. The sample
consists of 368 observations (4 modes X 92 city pairs) on
these 7 variables. The variables used in the total demand
equation are, in addition to the constant and the general
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impedance term U, a population product variable A, =
P:P; and a linguistic pairing index A,= L;; the latter
factor is a measure of linguistic homogeneity defined as
Lij=100—|L; - L;| where L; is the proportion of the
population speaking English in the ith city. The sample
consists of 92 observations on these 4 variables for the
year 1972 in Canada.

2.2.2 Rearrangements for estimation and models
estimated. As required by the quasi-abstract format of
eqn (38), the mode split part is estimated before and
separately from the total demand part.

2.2.2.1 Market share models. Taking logarithms of
ratios of the market shares by mode and of the modal
attributes leads to the following form for the mode split
equation

I(TA/Ty) = amo+ ;ak((cmk + ptl.k)(Al‘k)

—(Cox + 1) +e, (39
where e is assumed to have the properties defined in (2),
b denotes a base mode and aso, the logarithm of 1,
equals zero. This transformation reduces the effective
sample by 25% from 368 to 276 observations and yields a
form which can be estimated as a regression problem.
We shall select for scrutiny the following models which
are all of the L type defined in our nomenclature because
the dependent variable T,../T, in the basic specification
(38) is untransformed.

(a) CLCS-1 model:

ln(Tm/Tb) = am0+ al(Fm(M"“ - FbM‘l))
+ az(Hm(;\Lz)_ Hbul'z))

+ a3(D ™'Y = Dy* V) + ¢, (40)

where A, =(A,, =0, A;1=A:2=A,3) is vector of con-
straints.
(b) CLCS-2 model:
As in (40), but allowing Ay 1 #A12# Aa. (40)
(c) TLCS-1 model:

In(T/Tp) = @mo+ ai((Fm + Ml.l)m")_ (F» + I-‘vl,l)u”))

+a3(Dm + p13)"” = (Dy + pa3)*Y) + ¢, (41)

where A, =(A,, =0, A, =A;2=A,3) and = (pry =0,
K11 = M12=p3) as vectors of constraints.
(d) TLCS-2 model:
As in (41), but allowmg A|'1 #FAi2# A]_]. (42)

2.2.2.2 Total demand models. The total demand equa-
tion will be estimated as

(T + pay)* = Bo+ gﬁk(Ak + pax )2
+ B (U + pasn) 2V + ¢,

43)
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where e is assumed to have the properties defined in (2) and
which is also a linear regression problem for given A, and
2 vectors.

We shall estimate the following models which are of
the E type because both dependent and independent
variables are transformed.

(a) CECS-1 model:

T2 = ﬁo+ BIA l(kz.ll + BzA 20‘2‘2) + 33 U(Az.z) +e,
(44)

where
U= Z exp(amot ai(Fum + w1 )™ + ax(Hm + py 2)*?
+as(Dp, + P:LJ)O‘"’)),
with {amo, @k, A1« and .k} set at their optimal values
from the market share equation and subject to A,, =
A21=A22= Ao,
(b) CECS-2 model:

As in (44), but allowing A2, # (A21 = Az2 = Azs).
45)

(c) CEUS model:
As in (45), but allowing A2 # A2 # A3, (46)
2.2.3 Estimation procedure. In the case of the market
share equation, the log concentrated likelihood function

for errors distributed as in (2) is, except for a constant
term

L1<A.,n.>=—%ln(ze.Z/N)Hnm..y), @)
where
e =In(Tw/ Ty)— [amo

+ 2 Gl(Coet )™ = (Cor ,L,,,‘)m.»)]

and
N 1
J(Ary) = ¢I=]1y'_

because Ay, of y = T,/ T, is equal to 0. For the total travel
equation, the appropriate likelihood function is

LA o, ) = = 3 10 3 62N+ 10 Oz 2,)
)

where
er = (T + pa,y)** - [BO + ;Bk (Ax + pas)*®

+ Bk-o-l(U + Ilvz.k-ﬂ)“u“)]
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and
N a1
T2y pay) = I (4 pa, )7

Likelihood functions (47) and (48) are maximized by
nonlinear methods or more simply by scanning.

2.3 Results for the mode split equation

The mode split or market share equation is estimated
by maximizing the likelihood function given by (47) for
the CLCS, TLCS and usual models. Likelihood ratio
tests are used to test the significance of transformation
vectors A; and w;. The impact of these transformations
on the distribution of errors is examined in terms of the
skewness and kurtosis of the residuals. It is also
analyzed in the context of the statistical significance of
the variables and of the modal attribute own elasticities
of market share. To simplify the notation, subscript 1
will be dropped from Ay = (A1, A1k) and w1 = (1.y, p1x)-

2.3.1 Estimation and tests of the functional form. In
order to test hypotheses about functional form
parameters, the log likelihood test referred to in (9) will
be used. Within this framework, two types of tests will
be carried out: conditional tests, which assume a value
for one of the parameters, and then test the other;
unconditional tests, which make no assumption about the
untested parameter which is left unrestricted. We will
successively consider TLCS-1 and TLCS-2 models.

2.3.1.1 Model TLCS-1. The TLCS-1 model is esti-
mated for a grid of A's and w.’s; the corresponding log
likelihood function (L,) is plotted in Fig. 1. Clearly there
is considerable variation due to different values of A,
reaching a well-defined maximum for each value of ..
At pk =0, Limax=—0.2 indicating strong interaction
effects among the variables. Whereas the likelihood
function is symmetrical at ux = 0, increasing values of

5104
4904
4704

4504

a’ot——r

lead to increasing asymmetry. That the effectiveness of
uk is a function of A is clearly shown. At A =1,
non-zero values of w result in a simple translation of all
variables by the same value, a property which leaves the
results unaltered. The same result is shown on a portion
of the log likelihood surface near the optimum, in Fig. 2.

Three specific hypotheses summarized in Table 1 are
tested. Firstly, given i, Ax is tested for being
significantly different from a given value A,. This test is
simply

C(h) = Ll():k, i = i) — Li(Ae = Mo Mk = flic) > % xa2(1),
(49)

with 1 degree of freedom and significance level a. A
second test reverses the roles of A« and ux in (49):

Clux) = La(far Ak = i) — Li(usc = iy Ak = A >%X§(1)-
(50)

Finally, both A« and ux are tested simultaneously:

U(Aky 1) = Li(Xky fix) = Li(Ak = Ay s = fi)
1
>3 Xa'2; (51

there are two degrees of freedom since two new restric-
tions are imposed by null hypothesis.

Results are given in Tables 2-4. In Table 2, it is shown
that, conditional upon u, =0, A, is equal to —0.2 at the
optimum and also that the interval between —0.3 and
—0.1 contains A, with a probability of 95%; that Ay is
zero is rejected at the 0.5% level and A« equal to one is
unambiguously rejected. Similar conclusions are
obtained for u. =10 and 50. Consequently, the model

-1.0 -0.8 -0.6 -0.4 -0.2

v T v v v T T

02 04 06 0.8 1.0

Fig. 1. Mode split equation; model TLCS-1; log likelihood function.
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Fig. 2. Mode split equation; model TLCS-1; log likelihood surface.

Table 1. Mode split equation; model TLCS-1; likelihood ratio tests for functional form

Test Hypothesis Alternative Test statistic Critical Region
5 s a A Y K 1.2
cx) Hot Ahe Hyt A Ly (A “k’“k) - L](Ak—xk, Wy uk) Cy) > 5 xg (1)
given uk=ﬁk given uk=ﬁk
= s S R 1.2
Clu) Hot we=my Hy ey L G AR = Ly (e, A | ) > 5 QD]
given Ak=Xk given )‘k=xk
=y ~ . Xy ~ Y iy ~ 1.2
UOGom) | Hot AR weame [ By A wa b LOgow) = LiyEhs wew) UAm) > 5 x (2)

with functional form given by (Ax =—0.2, ux =0) or by
(A ==0.3, we =10) is clearly superior to either multi-
plicative form (Ax = px = 0) or the logit form (A, = 1, i =
0).

)Conditional tests for ux, given Ay, are given in Table 3.
For A« =0, the estimated value of 5 for u is significantly
different from 0. For A, =—0.2 the null hypothesis of
u =0 is rejected at the 0.1% level. The larger negative
that A, becomes, the more strongly is the hypothesis of
zero ux rejected. However, for A« = 1, no distinction can
be made between alternative values of p.

The simultaneous unconditional test given in Table 4
provides a more valid test of the functional form.
Whereas the conditional test for A« accepted Ax =—0.2,
given ux = 0, this is rejected by the unconditional test at
the 0.5% level. The only forms which are accepted by
this test in Table 4 lie between A, =—0.4 and —0.2, for
wx = 10. The special case of the multiplicative (log-linear)
form with A, = i« = 0 is unequivocally rejected, as is the
log model with w, = 10. The CLCS-1 model, which cor-
responds to ux =0. is clearly inferior to the TLCS-1
model.

2.3.1.2 Model TCLS-2. Up to this point, the A,’s have
been constrained equal when applied to the independent
variables. This constraint is now relaxed in TLCS-2 and
CLCS-2. In addition, the A,’s and ui’s, previously esti-
mated to the nearest 0.1, are now estimated with 5-figure
accuracy and an optimal estimate is calculated with distinct
A’s and identical ui’s. The results obtained from these
estimation problems are given in Table 5. Column A
contains TLCS-2, the most general form estimated,
whereas the remaining columns present a sequence of
nested special cases. Thus CLCS-2 in column C is a special
case of TLCS-2 with the restriction . =0, and CLCS-1
includes the further restriction that the A.’s be equal.
Finally, in E, these Ai’s are set equally to zero. For
completeness, the'popular standard logit model is given in
column F.

The most significant feature of the estimates presented
is that the transformation parameters are relatively
different once the equality constraint is removed:
whereas the fare’s A, is similar, the time and frequency
Ac’s are quite distinct. However, the likelihood function
is presumably not steeply sloping at this point since the
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Table 2. Mode split equation: model TLCS-1; conditional test for A«

C(Ak) uk=0 Y =10 1 =50
>‘k L]()‘k,uk) Stat. L]()\k,uk) Stat. L](Ak,uk) Stat.
-1.0 484.10 48.86 495.03 44.78 515.95 18.16
-0.9 491.18 41.78 503.36 36.45 518.62 15.49
-0.8 498.86 34.10 511.98 27.83 521.58 12.53
-0.7 506.86 26.10 520.39 19.42 524.83 9.28
-0.6 514.77 18.19 527.92 11.89 528.21 5.90
-0.5 521.97 10.99 533.95 5.86 531.30 2.81
-0.4 527.78 5.18 537.99 1.82 533.48 0.63
-0.3 531.57 1.39 539.81 0 534.11 0
-0.2 532.96 0 539.27 0.54 532.73 1.38
-0.1 531.96 1.00 536.39 3.42 529.25 4.86
0 528.71 4,25 531.38 8.43 523.94 10.17
0.1 523.51 9.45 524.71 15.10 517.32 16.79
0.2 516.82 16.14 516.96 22.85 509.95 24.16
0.3 509.20 23.76 508.67 31.14 502.28 31.83
0.4 501.14 31.82 500.24 39.57 494.66 39.45
0.5 492.97 39.99 491.95 47.86 487.29 46.82
0.6 484.95 48.01 483.98 55.83 480.28 53.83
0.7 477.21 55.75 476.41 63.40 473.69 60.42
0.8 469.84 63.12 469.27 70.54 467.51 66.60
0.9 462.87 70.09 462.58 77.23 461.72 72.39
1.0 456.32 76.64 456.32 83.49 456.32 77.79

Percentage points of % xz distribution with 1 degree of freedom
Level 0.1 0.05 0.025 0.01 0.005 0.001 0.0001
Value 1.35 | 1.92 2.51 3.32 3.94 5.41 7.57

Table 3. Mode split equation; model TLCS-1: conditional test for juy

Cluy) A=-1.0 A=-0.2 A =0 A=1.0
we Ly Oyem) | state [ Ly ) [ stat. Ly ) | Stat. |L (4w ) | Stat
-1.0| 482.41 | 33.54 | 530.16 | 9.29 | s526.48 | 5.43 | 456.32 0
0 484.10 | 31.85| 532.96 | 6.49 | 528.71 3.20 | 456.32 0
1.0 485.38 | 30.57 | s535.m 4.3¢ | s53.12 | 1.79 | 456.32 0
5.0 | 489.62 | 26.33| 539.03 | 0.42] 531.91 0 456.32 0
8.0 | 492.81 | 23.14| 539.45 | o 531.72 | 0.19 | 456.32 0
10.0 1 495.03 | 20.92| 539.27 | 0.18| 531.38 | 0.53 | 456.32 0
12.0| 497.32 | 18.63| 538.94 | o0.51| 530.95 | 0.96 | 456.32 0
15.0 | 500.78. | 15.17 | 538.33 | 1.12| 530.27 1.64 | 456.32 0
20.0 | 506.17 | 9.78| 537.27 18| s29.14 | 2.77 | 456.32 0
50.0 | 515.95 | 0 532.73 | 6.72| 523.94 | 7.97 | 456.32 0

likelihood ratio test fails to reject TSCS-1 at the 1 per
cent level of significance, although it succeeds at the 5
per cent level. In the comparison of the CLCS-2 and
CLCS-1 models, the latter is rejected at the 0.1% level. It
is also interesting to note that the CLCS-2 model is
inferior to the TLCS-1 model. Indeed the significance of

ux# 0 is demonstrated by a comparison of TLCS-2 and
CLCS-2 models, the latter being rejected at well over the
0.5% level by the likelihood ratio test.

In summary, the TLCS-2 model is a superior model
which dominates the TLCS-1, CLCS-2 and CLCS-1
restricted models. Moreover, all these generalized
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Table 4. Mode split equation; model TLCS-1; unconditional test for A, and pu«

3“k Ek
-1.0 0
-0.5 0
-0.4 0
-0.3 0
-0.2 0
-0.1 0

0 0

0.5 0

1.0 0
-1.0 10
-0.5 10
-0.4 10
-0.3 10
-0.2 10
-0.1 10

0 10

0.5 10

1.0 10

LiAom) Stat.
484.10 55.71
521.97 17.84
527.78 12.03
531.57 8.24
532.96 6.85
531.96 7.85
528.71 11.10
492.97 46.84
456.32 83.49
495.03 44.78
533.95 5.86
537.99 1.82
539.81 0
539.27 0.54
536.39 3.42
531.38 8.43
491.95 47.86
456.32 83.49

Percentage points of % x2 distribution with 2

degrees of freedom

Level 0.1 0.05 0.025

0.01 0.005 0.001 0.0001

Value 2.30} 3.00 3.69

4.61 5.30 6.91 9.21

models dominate the conventional log linear form, which
in turn dominates the standard logit model, apparently an
inappropriate model, at least for this set of data.

2.3.2 Effects of the functional form on the distribution
of the residuals. Transformation of the original variables
of a model into new variables affects the distribution of
the error term. Although the purpose of the trans-
formation is to make this distribution normal, this
purpose is not commonly achieved in practice. It is
known that the maximum likelihood estimation of the
functional form can have the property of regularizing the
distribution: in this context, Zarembka (1974) has devised
an approximate measure of the way in which the Box
and Cox procedure may correct for heteroskedasticity in
the error term. Here we shall take note of the fact that a
similar phenomenon might be occurring because the esti-
mation of the functional form regularizes the distribution
of the residuals in terms of skewness and kurtosis. It is
apparent in the graph shown in Fig. 3 that the maximum
likelihood estimate of A« in model CLCS-1 coincides
with minimum values of skewness o3 and kurtosis os;
for the normal distribution, these statistics are equal to
Zero.

2.3.3 Effects of the functional form on the significance
of variables. The choice of functional form may be
critical for the significance level of variables in the
equation. Indeed, specification error with respect to form

may lead to the erroneous inclusion or exclusion of
variables and thereby to spurious results. That such an
outcome in reality is shown by Fig. 4 which presents
results for model CLCS-1 in which the vector of location
parameters u equals zero. The significance of fares is
unequivocal even though there is considerable variation
in the level of significance. In the case of travel time,
however for Ax =1 the ¢-statistic implies significance
whereas for A, =—1 it is insignificant. Thus the im-
proper prior choice of form could lead to travel time
being eliminated as an explanatory variable.

Although t-statistics are biased below and above the
point of maximum likelihood Ax =—0.2, it is of some
interest to note that the statistical significance of values
of the modal constants is at a minimum around that
point. Despite the bias, it appears that the specification
error in form might be taken up in these constants
intended to capture qualities intrinsic to the modes
themselves.

Similarly, allowing some elements of the vector u,
which are equal to zero in Fig. 4, to differ from zero in
Fig. 5, damps down the wide fluctuations in the ¢-
statistics. If, again, model TLCS-1 is the true model and
model CLCS-1 is misspecified, the ¢-statistics presented
in Fig. 4 are biased and a rigorous comparison of the
results is not feasible. Yet the apparent reduction in the
statistical significance of the values of the modal
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Table 5. Mode split equation; comparison of models
. - MODELS
PARAMETERS A B [« D** E F
TLCS-2 TLCS-1 CLCs-2 CLCS-1 Log linear Logit
(F) x],] -0.2399 .'0'2660 -0.2626 -0.1930 0.0 1.0
(H) A]’z -1.0982 -0.2660 -0.0513 -0.1930 0.0 1.0
(D) A]’a 0.0298 -0.2660 0.5712 -0.1930 0.0 1.0
Yy 35.757 8.6862 0.0 0.0 0.0 0.0
(air) 9 4.7986 0.7288 21.762 0.9343 1.3910 113.00
(3.629) (1.044) (5.001) (1.462) (1.695) (3.486)
(rail) G 5.0241 0.5087 21.115 0.0380 1.0136 112.28
(4.230) (1.124) (4.957) (0.097) (1.618) (3.459)
(bus) %39 4.2821 -0.3085 20.354 -0.8106 0.2516 111.76
(3.761) | (-0.793) (4.837) | (-2.504) (0.452) (3.448)
(car) %o 0.0 0.0 0.0 0.0 0.0 0.0
(-) (-) (-) (-) (-) (-)
(F) % -1.8164 -1.7231 -1.8274 -2.2254 -2.9653 -0.841x]0-3
(-14.13) (-14.96) (-17.09) (-18.70) |(-15.57) (-11.31)
(H) % -0.0153 -0.3932 -0.8358 -0.3605 -1.3148 -0.0141
(-5.941) (-5.105) (-4.596) (-4.144) (-5.576) (-9.092)
(D) ag 1.3779 0.4414 13.503 0.1331 0.4221 0.0114
(5.735) (5.067) (5.368) (5.022) (4.607) (3.?21)
L](A,u) 543.87 539.95 538.66 532.97 528.71 456.32
LX) - L (Kow) 0 3.94 5.21 10.90 15.16 87.55
R2 0.7301 0.7223 0.7197 0.7079 0.6987 0.4909
Skewness 3.155 3.331 3.268 3.466 3.731 6.888
Kurtosis 0.566 0.7 0.624 0.765 0.990 2.667
D.F. 0 2 1 3 4 4
*Numbers in parentheses are t-statistics.
**Results computed with higher accuracy than those of Table 2 for B = 0.

Percentage points of %'xz distribution with 4 degrees of freedom

Level

0.1

0.05 0.025

0.01

0.005

0.001 0.0001

Value

3.89

4.74 5.57

6.64

7.43

9.23 11.76

constants can suggest that further error specification in
form has been eliminated. The vector u, which is rela-
tively ineffectual with respect to the likelihood function,
clarifies in Fig. S the significance of mode-specific
constants relative to that of fare and time service level
variables for all values of A.. This impact of p might
then be used to justify its presence on grounds different
from those provided by the likelihood ratio tests.

2.3.4 Effects of the functional form on elasticities. A
very significant comparison between models is that with
respect to their elasticities. Models with different elasti-
cities have- different properties. Where models are to be
used for out-of-sample extrapolation in order to simulate

or forecast, the correct estimation of elasticities is of
primary importance.

Figures 6 and 7 show market share elasticities for fare
and travel time for four modes as a function of A, given
vector u =0, that is with model CLCS-1. There is a
considerable variation in these elasticities which, to some
extent matches the pattern found with the ¢-statistics for
fare and time. The generally lower elasticities for car
travel are largely due to the existing large market share
taken by the car. Bus-and rail travel have remarkably
similar elasticities and this is all the more remarkable
that their interzonal flow data were derived from widely
different sources. In terms of the overall pattern, air
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Fig. 3. Mode split equation; model CLCS-1; log likelihood function with associated skewness o3 and kurtosis o4 of
residuals.
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Fig. 4. Mode split equation; model CLCS-1; absolute values of t-statistics.

travel appears to be the odd man out. For fares, air is
rising when the other modes are falling whereas, for
time, air is falling when the others are rising. Further
details on the elasticities computed from various Ax’s
and w.'s are shown in Tables 6-8. Elasticities are
computed at the mean value of the observations and, using
Baumol’s convention, have a sign opposite to the sign of
the estimated parameters.

2.4 Results for the total travel demand equation
The remainder of this section is devoted to estimation

of the class of models given by (43). Again, use is made
of the family of monotone power transformations
defined by vectors A, and .. A feature of interest stems
from the substitution of the denominator of the esti-
mated mode split equation as an argument of the total
demand equation according to (38). Thus the likelihood
function for the total travel demand equation is a
function not only of the parameters of that equation but
also of the prior mode split equation. For the purposes of
the present analysis, these first stage parameters are not
allowed to vary in the total travel function: they are fixed



270 MARC J. I. GAUDRY and MICHAEL J. WILLS

Y
204
184
164
FARE
14
124
5]
101
8-
TIME
6 4
4 4 BUS CONSTANT
Co,
2 Vs
r‘,'vr
CONSTANT
G TN

2.5

AIR FARE

CAR FARE
.04
0.54
o T T
-1.0 -0.8 -0.6 -0.4 -0.2 (o} 0.2 0.4 0.6 0.8 1.0
Ak

Fig. 6. Mode split equation; model CLCS-1; absolute value of fare elasticities.

at their optimal values from the mode split equation
models found in Table 5. This imposed separability
results in a considerable simplification of the estimation
problem.

2.4.1 Estimation and tests of the functional form. The
shape of the logarithmic concentrated likelihood function
is shown in Fig. 8 for model CECS-2 defined in (45),
given optimal values from the TLCS-1 model at the first
stage. Clearly, the surface is quite regular with a slight
asymmetry reflected in steeper slopes due to high values

of A2, combined with low values of A,.’s. Contours
form nearly concentric ellipses rather than circles, the
major axis of the ellipses being orientated along. the
plane where A, = A, In fact the optimal solution for
A2y =Aax appears close to the optimal solution for
A2y # A2,y leading to the subjective expectation that the
additional free parameter is slightly superflous. That this
conclusion is premature is shown in Table 9 in which all
models use first-stage TLCS-2 values presented in
column A of Table 5. A comparison of models B and C
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Fig. 7. Mode split equation; model CLCS-I:; absolute value of time elasticities.

Table 6. Mode split equation; model CLCS-I; market share

Table 7. Mode split equation; model TLCS-1; market share

elasticities elasticities
1,0 CAR AIR =10 CAR AIR
A FARE | TIME | FREQUENCY || FARE | TIME | FREQUENCY s [ree | e [ emeouency || eane | v | recauency
-1.0 0.48 | 0.02 0-50 | 0.16 -0.14 1.0 [ 0.28 | 0.18 0.49 | 0.83 -0.32
-0.5] 1.03 | 0.16 1.31 | 0.61 -0.24 osloss | os oo | 108 032
0.2l 1.25 | 0.3 N/A 1.86 | 0.86 -0.28 ozl oss Wa Ves | oe o3
0 1.26 | 0.56 2.07 1 0.8 '0'2? o [ .22 ] 056 1.99 | 0.63 0.35
0.2 1.21 | 0.65 2.22 | 0.77 -0,32 02 l12 | oo 223 | 05 o
0.5) 1.09 1 0.66 2.37 | 0.48 ‘0'26 0.5 f 1.0 | 0.63 2.39 | .38 -0.33
1.0f) 0.82 ] 0.% 2.3 | 0.17 0. 1.0 082 | o0.56 2.3 | 017 -0.26
=10 RAIL BUS
= RAIL BUS
A

M FARE | TIME | FREQUENCY || FARE | TIME | FREQUENCY K} FARE | TIME | FREQUENCY || FARE | TIME | FREQUENCY
-1.0ff 1.34 | o.03 -0.52 1.32 | 0.03 -0.24 -1.0 #1.31 [ 0.30 -0.58 1.29 | 0.30 -0.49
-0.5| 2.48 | 0.29 -0.53 2.50 | 0.29 -0.36 -0.5 §2.11 | 0.9 -0.43 2.12 | 0.9 -0.46
0.2l 2.88 | 0.75 -0.46 2.91 | 0.77 -0.40 -0.2 [f2.55 | 1.09 -0.37 2.61 | 1.12 -0.46
0 2.78 | 1.21 -0.39 2.83 | 1.26 -0.40 0 f2.65 | 1.2 -0.32 2.73 | 1.28 -0.46
0.2f] 2.53 | 1.52 -0.33 2.64 | 1.59 -0.40 0.2 §2.53 | 1.45 -0.28 2.64 | 1.50 -0.43
0.5l 2.1a | 1.74 -0.25 2.21 | 1.82 -0.38 0.5 2.5 | 1.69 -0.21 2.28 | 1.77 -0.38
1.0 1.46 1.75 -0.12 1.59 | 1.84 -0.28 1.0 §1.46 1.75 -0.18 1.59 | 1.84 -0.28

*By definition, elasticities are computed with the opposite of the

sign of the estimated coefficient.
in Table 9 shows that this additional free parameter, by
which model CECS-2 differs from model CECS-1, has a
significant impact on the value of the likelihood function.

Further relaxation of the constraint that all A,’s be
equal specifies model CEUS defined in (46). The results
for this model which appear in column A of the same
table show that this model should be preferred not only
to both models CECS-1 and CECS-2 but also to the
standard log linear and linear models.

2.4.2 Other effects of the functional form. Having
clearly established the importance of functional forms in
the analysis of the mode split results and having obtained
from tests of the functional form parameters indications
that analogous effects on residuals, t-statistics and elas-

*By definition, elasticities are computed with the opposite of
the sign of the estimated coefficient.
ticities could also be obtained from the total demand
equation, we will proceed to the time-series model.

3. APPLICATION TO A TIME-SERIES MODEL OF URBAN TRAVEL
DEMAND
After the examination of travel demand models esti-
mated from cross-sectional data sets, we now
consider the smaller class of models estimated from
time-series data. The examples readily found in the
literature are direct and mode-specific.

3.1 Context and theoretical framework
3.1.1 Notation and definitions. We will use the
following definitions of travel flow, socio-economic and
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Table 8. Mode split equation; model TCLS-1; market share 0.6
elasticities
A= -2 CAR AIR
u, FARE | TIME [FREQUENCY | FARE | TIME | FREQUENCY
0 1.25 | 0.37 1.86 | 0.86 -0.28
2 1.20 | 0.47 1.76 | 0.96 -0.30
5 1.16 | 0.53 N/A 1.68 | 0.93 -0.31
10 1.14 | 0.53 1.65 | 0.76 -0.34
20 1.16 | 0.47 1.68 | 0.51 -0.38
50 1.23 | 0.36 1.81 [ o0.25 -0.40
90 1.28 | 0.30 1.93 | o0.17 -0.39
A=-2 RAIL BUS
" FARE | TIME |FREQUENCY [l FARE | TIME | FREQUENCY
0 2.84 | 0.75 -0.46 2.91 | 0.77 -0.40
2 2.7 | 0.95 -0.43 2.77 | 0.98 -0.42
5 2.60 | 1.08 -0.40 2.66 | 1.1 -0.44
10 2.55 | 1.09 -0.37 2.61 | 1.12 -0.47
20 2.60 | 0.99 -0.33 2.65 | 1.02 -0.49
50 2.77 | 0.81 -0.27 2.82 | 0.83 -0.49
9 2.90 | 0.72 -0.23 2.96 | 0.75 -0.46
*By definition, elasticities are computed with the opposite of Fig. 8. Total travel equation; model gE(;S-Z with optlmaj TLCS-1
the sign of the estimated coefficient. values from first stage; likelihood surface.

Table 9. Total travel equation; comparison of models using TLCS-2 first-stage results

MODELS
PARAMETERS A y C D E
CEUS CECS-2 CECS-1 Log linear Linear
Ay 0.1685 0.1310 0.06 0.0 1.0
CYRY 0.1973 0.0550 0.06 0.0 1.0
(A) A 5 1.939 0.0550 0.06 0.0 1.0
(U) % 5 0.0355 0.0550 0.06 0.0 1.0
89 24.462 10.8875 9.230 6.9768 |-21125.
(29.57) (7.244) | (12.803) | (15.68) (-0.4319)
(A) 8 0.8060 1.4124 0.6172 0.4789 13.213
{27.69) (23.00) (21.53) (19.77) (7.768)
(A)) 8, 0.0014 1.6025 0.7358 0.4764 943.81
(8.360) (6.266) (6.061) (5.638) (1.610)
(U) 8y 2.5130 1.8088 0.8289 0.3595 | 11634.
(36.23) (31.10) (29.06) (27.22) (3.694)
Ly(Am) -863.53 -877.23 -880.81 -885.05 -1080.8
L (R0 - LK) 0 13.70 17.28 21.52 217.27
R2 0.9544 0.9360 0.9277 0.9165 0.4516
Skewness 4.954 4.442 2.192 1.066 N/C
Kurtosis 0.065 0.380 0.448 0.011 N/C
D.F. 0 2 3 4 4
- 5 z z z

*Numbers in parentheses are t-statistics
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transportation attribute variables: T, =travel flow by
mode n on a particular origin-destination pair or aggre-
gate of a group of origin-destination pairs. A, = the rth
socio-economic or activity level variable for a particular
origin-destination pair or for a group of origin-destination
pairs. C,.s =the sth “level of service” (fare, waiting
time, travel time, etc) variable for mode m for a parti-
cular origin-destination pair or for a group of origin-
destination pairs.

The part of each of these definitions which applies
obviously depends on the level of aggregation considered
in each case; i, j subscripts are not necessary because
actual studies have typically considered individual ori-
gin-destination pairs for pairs aggregated over a certain
area: in that sense time-series models have not to date
been explicitly spatial.

3.1.2 Description and classification of some previous
time-series models. Because time-series models have
been direct and mode-specific, a single formulation can
summarize them all; their general form has been

T% = Buo+ 2 BurA% + 2 2 BumsConsy + lhn,
mn=1,.... M
R
U, =,2| il +€ny  t=1,...,N, (52
where the transformation function is defined in (4), the
stationary autoregressive process of the error term uy, is
of an order greater than one and constitutes an AR (R)
process in the sense of Box and Jenkins (1970) and the
error term e, has properties stated in (2).

The literature contains several special cases of formu-
lation (52), all estimated for a single mode. At least two
authors have used the linear form constraint (A = 1) with
varying restrictions on the vector of autoregressive
parameters p = (p1,...,p,. .., pr): Fairhurst and Morris
(1975), in an analysis of public transport money receipts
in London, used first differences, i.e. p=(p1=1, p=0
for I# 1), which amounts to specifying a CECF model;
Gaudry (1973, 1975, 1977) estimated CECM models, also
with the constraint A = 1.

Other authors have used the logarithmic constraint
(A =0). Fisher (1962), in a study of rail travel between
Boston and New York, used first differences of the
logarithms of the variables, as did aggregate intercity
CECF models by the U.S. Civil Aeronautics Board
(1966) and Straszheim (1969), both summarized in Meyer
and Straszheim (1971); Huang’s CECS urban transit
model (1973) neglected serial correlation altogether (p =
0).

3.1.3 A family of total demand models, their first
difference format and their associated demand
elasticities. All of those models are similar in form to the
total demand part of eqn (38). For that reason they
belong to the family of models defined in sub-Section
2.1.3.2 above, which need only be modified by reinter-
pretation of the term U as standing for any of the modal
costs instead of a composite cost and by addition of
autoregressive errors. In effect, the general family of
models with autocorrelated errors is given by

K
(e + py)™ = ;3.,+k2| Bi(Xi, + i)™ +u,, t=1,...,N

(53)
with

R
U = Z Pl + ey
=1

Special cases are the Box-Cox form (29) or (52), the
multiplicative or Cobb-Douglas gravity form (30), the
linear (31) and the exponential (32) forms. Further spe-
cial cases are first difference specifications of these
forms obtained by setting p=(p.=1, p=0 for all
1#1).

In general, the elasticity of demand for y with respect
to any variable X is the analog of (33):

7 =BXic+ )™ Xy + )T, (54)

where

y= [1 +A, <B0+ 2 Be(Xi + )‘*k))]w .

The analogs of expressions (34) and (35), the Box-Cox
and multiplicative cases are
n=BX*y™ and 7 = Bi. (55)

The analogs of expressions (36) and (37), the linear and
exponential cases, are

n=BXy " and 1 = piXi. (56)
3.2 Model selection and estimation procedure
3.2.1 Model considered. Our purpose here is to

examine the impact on Gaudry’s (1977) model of parti-
ally relaxing its current functional form restrictions.
These restrictions applied to TEUM formulation (53) are

I-"=(ll'y7”'h-- "9M'K)=01

A=Ay A, ..

oy Mk -
,Ak,...,AK)=1.

57

The model consists of adult and schoolchildren demand
equations for public transit trips in Montreal; in each
equation, the A, terms refer to income and various
activity levels (work, shopping, school, special events)
and the C,, terms refer to price, service level and
comfort variables of public transport, competing modes
and non-transportation goods. Each equation also
contains other terms which we will group under
OTHER,: the adult and schoolchildren equations
contain respectively, 28 and 27 variables; the sample
consists of 181 consecutive monthly observations for the
period December 1956 to December 1971.

3.2.2 Models estimated. Each of the market equations
of interest contains approximately two dozen explana-
tory variables. For that reason the estimation of uncon--
strained Box-Tukey, using for instance the Box and
Tidwell (1962) interative least-squares, or of Box-Cox
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models, is not practical. We shall therefore envisage the
following relaxation of the set of constraints (57) for
each market equation:

(a) CECM model: We will first maintain w =0 but
allow A to differ from 1 whilst restricting all the elements
of that vector to be equal:

T = Bo+ 2B, OTHERS + 28,4
q r

+ }mjgﬁmc:::, tu (58)

and
R
U = 2 Pilde—1 + e
i=1

(b) TLCM model: We allow for the presence of a
location parameter on the dependent variable only, thus
using u = (4y, px =0) instead of u =0, and permit the
vector of identical elements of vector A to differ from
zZero:

T (A)
(T, +py)* = Bo+ 2B, OTHER +, BAY
q qt r

+ 3 BCE +up (59)

and
R
U, ZIIZ Pilde -1 + €.
=1

We will give particular attention to the way in which the
autoregressive structure is affected by the joint estima-
tion of the functional form parameters.

3.2.3 Estimation procedure: 32.3.1 A simplified
likelihood function in the presence of multiple
autocorrelation. The likelihood function (5) or its asso-
ciated log likelihood (7), which we were able to apply in
(47) and (48) for the cross-sectional models, is not ap-
propriate for our models (58).and (59): in the latter models,
the variance-covariance matrix of the error term u,
is not oI but o>} where (1 is positive definite. Owing to
the computational burden involved in obtaining and using
the full maximum likelihood function in the presence of
multiple auto-correlation, we shall circumvent such
difficulties by deriving a simplified maximum likelihood
function which will be derived by neglecting a few of the
sample observations. To achieve this, we will write the
full likelihood formulation for the first order case in a

simplification; we will then simplify the likelihood
function for the first order case and extend the procedure
to higher order cases. For expository purposes we will
consider the following model:

K
W= gl Bi(Xi)™ + u, (60)

R
U = 121 Prée—; + €1, (61)

in which it is understood that the constant term, im-
plicitly included among the X.’s, is not transformed and in
which the variance of e, is o”. _

(A) The full formulation in the presence of first order
of first order autocorrelation. When the autoregressive
process (61) simplifies to

U =pile—y, || <1, (61)
the error vector e can be expressed, as in Kadiyala
(1968), Goldfeld and Quandt (1972) and elsewhere, in the
form ’

e=Qu, (63)

where the N X N transformation matrix Q is defined as

(64)

_o O O

If y* and X,*’ were observed, A being considered as a
constant, the likelihood of the vector e would be

Lle; B,a%, p1) = 2mo?) " eXp(— ie;ez) (65)

and, since }J|, the Jacobian of the transformation from e
to u, is det Q = (1—p,»)"?, the likelihood of the vector u
would be

Lep.0% p1) = Qno (1= p )" exp —%?—“)
(66)

or, by the definition of Q and summarizing eqn (60) as
y*=XYB +u,

X ex

way which brings out the nature of our intended Ly B,a% p)) = Qua) M (1-p )" (6]
N
- [((l —p )P * - XM+ Y, ((y:‘“—p.yfi’u)—(X.‘“—plxl“—’n)ﬁ)z]
=2
2 .
But, as y is observed, the likelihood of the sample is
2(y; B, 0% p1, A) = Qma?) V(1 - p )", (68)

N
- [((] “PIZ)UZ()’I(”_Xl(”ﬂ))z‘*"zz ((}’r(”—nyf)'—)x)— (Xr('\)—pnxxo‘-)n)ﬂ)z]v

X exp

207

A,
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where the Jacobian of the transformation on the depen-
dent variable is

) N
J= det[-——ag; ] =S 9)
t t=1

since the matrix [dy*’/dy] is of the form

A—1

-y] -

O

(70)
# O
L . W
due to the fact that y, is influenced by y, only if t=t'.

The transformation Q can be used to define the trans-
formed variables

y(A)* = Qy(A) and X(A)* = QX(»\) (7])
and to rewrite the likelihood function as

L(y; B, o, pi,A) = 2mo?) N (1-p )"

Mg _ W Hy Ay _ YN
X exp (_[()’ *-X *B)(iv *-X *B)])
20
N
x Iy, 72)

t=1

The log likelihood function is then

L(y: B,d%, pi,A)= —%,—In(ZmrzH%ln(l -p)

B ([(y(k)*_x(/\)*p)l(y(k)* _X(M*ﬂ)]>
20°

N
+(A =1 Iny.. (73)
t=1

Maximizing (73) with respect to 8 and ¢?, given A and
p1, we obtain as in Savin and White (1976), the following
estimates of B(p1,A) and o%(p1,A):

B, A)=(XPhXV%)XPOr'yMx,  (74)

&z(phA)=I_l{_(y(A)*_X(A)*B‘(phA))f(yo\)*
= X**B(p1, 1)). (15)

Substituting (74) and (75) into (73), the concentrated log
likelihood function is

L(y; p1,A)= —-gi{ln(ZwH 1}—%1-ln(6'2(p1,A))
1 . L
+3In(1-pi%) + (A - ”,Z. Iny.  (76)

Savin and White estimated the parameters of likelihood
function (73) and performed various likelihood ratio tests

for p, and A singly and jointly on real and artificial data,
in contrast with Zarembka (1968, 1974) who considered
briefly the case of first order autoregressive disturbances
but without joint hypothesis testing of p, and A.

(B) A simplified formulation in the presence of first
order autocorrelation. Our problem is more complicated
than that tackled by Savin and White because we believe
that eqn (61) is more appropriate to our problem than eqn
(62). Specifically, we are concerned with two demand
functions—one for each market under examination—.
with presumably different autocorrelation structures.
This means that the desired equivalent of likelihood
function (68) should in principle incorporate terms from
the generalized autoregressive schemes. This in-
corporation would lead to computational difficulties and
we will circumvent the problem by dropping as many
observations as the highest order of autocorrelation will
require.

To see the nature of this simplification, note that
neglecting the first observation in the first order case
means that the value of the determinant of Q defined in
(64) is 1 instead of (1 - p,?)'”?, that the term for e,” in eqn
(67) is ignored and that the first term in eqn (69) is also
disregarded. In consequence the concentrated log likeli-
hood function (76) becomes

Liy: o 1) = o nem+ 1= 0701, 0)
N
+A =12, Iny, (M

in which one should note that the sum in the last term is
from the second observation onwards. Of course, ignor-
ing the first observation amounts to assuming that the
autoregressive scheme just started instead of assuming
that it always existed and makes no difference asymp-
totically (Goldfeld and Quandt, 1972, p. 185) However,
Beach and MacKinnon (1978) have pointed out that
ignoring the first observation is less desirable on
theoretical grounds than including it because it removes
from the likelihood function the built-in constraint that
[o1] < 1; they also showed in a linear case (A = 1) from a
Monte Carlo analysis with two explanatory variables
that, for some values of p,;, some significant differences
still persisted with 50 sample points. Because our sample
consists of 181 observations, we have good reasons to
expect that the standard procedure which neglects
observations will be appropriately efficient.

(C) The simplified formulation with multiple
autocorrelation. This simplification allows us to extend
eqn (72) to multiple autocorrelation cases in which, under
usual stationarity conditions, the parameter vector is
p=@1,-- s p1r...,Pr):

L(y; B,0%, p,A) = (2ma?) " N-RD

Ny _ Yy 1HyMg _ YA N
cenp| - AKX ABIGNR X))

t=1+R
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where, now for t =1+R,..., N, we have defined

R
y‘(»\ % = Yr(“ - ‘Zl Pl)’?‘—jl,
and

R
XM = X0 - 'Zl pX (79)
and where the Jacobian of the transformation of the
dependent variable comes from a matrix of the same
form as (70) in which the first R rows have been
ignored. The concentrated log likelihood function which
corresponds to (76) is

Li o0 = - R nem+ - 2R ne,0)
+(A-1) §|) Iny,. (80)

=T+R

Equation (80) is the appropriate simplified log concen-
trated likelihood for model CECM given in (58). For
model TLCM defined in (59), the appropriate expression
is

N

- R inem+1)

N-R. .
2 ln((rz(p, A, wy)

L(yv P Aw /Ly)= -

+A-1) Y In(y +py).

t=1+R

(81)

3.2.3.2 Maximization technique. Likelihood functions
(80) or (81) will be maximized by performing a grid
search. Note that the equations which describe the
general model (53) may be combined to yield

R
(e + py)™ = ,2. pr(ye—t + py)™?

& K R
= ‘(ZI Bk (Xk, + Mok )(Ak) _ kzl ’21 ﬁkpl(Xkr_, + uk)(Ak)+ e
82)

where t=1+R,...,N and the constant term has been
dropped for expository purposes.

For given values of transformation vectors A and g,
eqn (82) is a non-linear equation in the coefficients B«
and p;. To estimate the parameters of that equation, we
identify the autoregressive scheme by examining, in the
spirit of Box and Jenkins (1970), the autocorrelation and
partial autocorrelation functions of the unbiased esti-
mates of the residuals i, obtained from applying least-
squares to.the first equation contained in (53) for A =1
and p =0. This provides an initial specification of the
autoregressive scheme: it is this specification which will
be tested jointly with the functional form parameters.
The particular non-linear equation associated with the
autoregressive scheme specified in this manner is then
solved by the maximum likelihood Cochrane-Orcutt
(1949) iterative procedure using 15 iterations to insure a

~ high degree of accuracy. This technique converges to at

least a local minimum (Sargan, 1964; Fair, 1971) and no
case of multiple minima has been reported (Johnston,
1972). Values of the likelihood functions (80) and (81) are
obtained for different values of the transformation
vectors A and p without changing the specification of the
autoregressive process. This is not because the autore-
gressive structure is independent of the functional form
but because it would make no sense to change the
specification of the process continually if we are pri-
marily interested in how the estimates of a given
parameter structure are influenced by A and u. A
different process is specified for each of the market
equations we consider. In both cases the highest order of
autocorrelation considered is the 12th: eqn (82) is there-
fore estimated with t=13,...,181 in each transit
demand function.

3.3 Results for the adult market equation

3.3.1 Estimation and tests of the functional form. We
will report the results of the CECM and TLCM models
at the same time and use conditional and unconditional
tests of significance as we did for the cross-sectional
models.

The likelihood function is plotted for various values of
A and p in Fig. 9. Although generally steeper for A <1
than for A >1, it gets progressively flatter as u, in-
creases from — 9,477,108, the limit value if the nonnega-
tivity constraint defined in (3) is to be respected, to 0.

The maximum values of the function corresponding to
different values of u, are very close to one another as is
more clearly shown on a portion of the likelihood surface
near the optimum in Fig. 10 where the dotted ridge
slowly rises to a maximum at A =095 and u,=
—9,477,108. Although one could climb further if the
nonnegativity constraint were not binding at that point,
the rate of change of the likelihood function with respect
to w, suggests that an unconstrained maximum would
not be very different.

The first three tests listed in Table 10 are used to test
for the significance of the functional form parameter
estimates. In Table 11, it is shown that, irrespective of
the conditional value of u,, one is justified to reject the
hypothesis that A is smaller that 0.85 or larger than 1.1 at
the 99% level of significance (the percentage points of
the y* distribution with one degree of freedom are
supplied in Table 2). Consequently, a significantly non-
linear form cannot be accepted.

The conditional test for u,, given A, presented in Table
12 shows that w, is never significantly different from
zero, whatever value A might have.

This is confirmed by the unconditional test provided in
Table 13 which shows that the linear form cannot be
rejected with u, equal to zero or to its minimum value
—9,477,108. There is no way of choosing between the
linear CECM model and the linear TLCM model: Ock-
ham’s razor would make one select the linear CECM
model, which was the original specification of Gaudry's
model.

3.3.2 Effects of the functional form on the distribution
of the residuals. The last two tests shown in Table 10 are
used to study the significance of the autoregressive
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Fig. 10. Adult market equation; log likelihood surface near optimum A and p,.

structure. In the first unconditional test of p, the
difference between the value of the likelihood at the
optimum and its value for (X, fi,, p = 0) is 18.5089: with
the two degrees of freedom required by the non-zero
elements of p, the null hypothesis that p =0 is rejected
with a high degree of confidence. In the joint un-
conditional test for (A, wu,, p), the appropriate difference
in log likelihood values between the value at the opti-
mum and the value for (A =1, u, =0, p =0) is 31.2462:
with four degrees of freedom, the null hypothesis is also
confidently rejected.

These tests indicate that the orders of the autoregres-

TR Vol. 12, No. 4D

sive scheme postulated for the A = 1, u, =0, case are not
significantly different at the optimum point (A, fi,). This
is confirmed by an analysis of the autocorrelation and
partial autocorrelation functions of least-squares residu-
als presented in Table 14: as one passes from a linear
model in A to the optimal functional form in B, there is
no significant change in structure; taking serial cor-
relation into accounts yields, in C, approximately “white
noise” residuals. These results are not surprising because
the values of A and w, which maximize the likelihood are.
not significantly different from those of the original linear
model.
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Table 10. Adult market equation:; likelihood ratio tests for functional form and autoregressive structure

Test Hypothesis Alternative Test statistic Critical region
c(») H: a=X Hie g X L(Rou =h»p) ~LO=X o =n ,5) ) > 18
0 given p =u given u =u yy yy 2%
yy Yy
C H_: =q H,: Y 0 =X 5 - =0 =X o l 2
(uy) o llly My 10O Py - L(uy,x Xsp) L(uy Hy o X Xsp) C(uy) > 5 %, (1)
given A=\ given A=\
Ui, H o A=X,u =n Hio MY u#n Aom b)) -LOSXop =0 4o 1.2
(Aomy) o Hy=Hy 10 MR WA L(Auy0p) -L(X Aok =Hy -p) Uamy) > 7 %, (2)
U H:p=5p Hy: I Aonsp) - L, Lo=p 1.2
(o) i PP 10 PptEDP Lxuy»p) = L(Rony.0=p) Ulp) > 5 x, (NR)*
U(Asu,s H i A=X,u =n ,p=p Hy: MX,u #0 ,p%0 on ap) - LY .0 =0 o=5 1.2
( Hy2P) 0! A=Rau T »p=p RSN TR L(A,uy,o) L(x Ay uy.p=p) U(l,uy.p) > 5 X, (2tNR)*

*NR = number of non-zero autoregressive parameters in vector p.

Table 11. Adult market equation; conditional test for A

C(A) uy=0 uy=-4,000,000 uy=-8,000,000 uy=-9,477,108
.0 . R . ’ BT . WP Stat.
A L(X,uy o) Stat L(x uy o) Stat L(x My o) Stat L(A My o) ta
0 -2329.8700 153.9713 -2340.1060 164.2160 -2330.3711 204.5107 -2646.9820 471.7555
.2 -2276.7477 100.8490 -2284.9908 109.1008 -2314.8804 139.0200 -2429.2153 253.9888
.4 -2236.6176 60.7189 -2242.9842 67.0942 -2262.8926 87.0322 -2306.4734 131.2469
.6 . -2204.9141 29.0154 -2209.2264 33.3364 -2221.5790 45,7186 -2237.0892 61.8627
.8 -2182.0037 6.1050 -2183.2269 7.3369 -2187.0110 11.1506 -2190.2050 14.9785
.9 -2176.5625 0.6638 -2176.7008 0.8108 -2177.1248 1.2644 -2176.2023 0.9758
X -2175.8987 0 -2175.8900 0 -2175.8604 0 -2175.2265 0
1.0 -2176.3832 0.4845 -2176.3832 0.4932 -2176.3832 0.5228 -2176.3832 0.5228
1.1 -2179.8889 3.9902 -2180.2088 4.3188 -2181.0761 5.2157 -2183.3801 8.1536
1.2 -2185.5454 9.6467 -2186.4145 10.5245 -2188.7246 12.8642 -2193.7894 18.5629
1.25 ~-2188.8200 12.9213 -2189.9959 14.1059 -2193.0736 17.2132 -2199.4788 24,2523
1.5 -2206.3763 30.4776 -2208.9592 33.0692 -2215.2559 39.3955 -2227.3103 52.0838
2.0 -2234.4793 58.5806 -2237.8936 62.0036 -2246.6877 70.8273 -2267.2660 92.0395
Table 12. Adult market equation: conditional test for .
C(uy) =0 x=.95 A=1.0 A=2.0
‘ M P Stat. »Uy 5P . KT . BTN .
Hy L(a Hy o) tat L{x Hy p) Stat L(A Hy ) Stat L{A My ) Stat
0 -2329.8700 0 -2175,8987 0.6722 -2176.3832 0 -2234.4793 0
-2,000,000 -2333.7531 3.8831 -2175.8942 0.6677 -2176.3832 0 -2235.8371 1.3578
-4,000,000 -2340.1060 10.2360 -217%.8900 0.6635 -2176.3832 0 -2237.8936 3.4143
-6,000,000 -2351.8862 22.0162 -2175.8870 0.6605 -2176.3832 0 -2241.1332 6.6539
-8,000,000 -2380.3711 50.5011 -2175.8832 0.6567 -2176.3832 0 -2246.6877 |12.2084
-9,477 ,000 -2601.0233 271.1533 -2175.4072 0.1807 -2176.3832 0 -2263.6533 |29.1740
-9,477,108 -2646.9820 317.1120 -2175.2265 0 -2176.3832 0 -2267.2660 | 32.7867
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Table 13. Adult market equation; unconditional test for A and p.

A by L(X,uy) Stat.

0 0 -2329.8700 154.6435
.2 0 -2276.7477 101.5212
.4 0 -2236.6176 61.3911
.6 0 -2204.9141 29.6876
.8 0 -2182.0037 6.7772
.95 0 -2175.8987 0.6722

1.0 0 -2176.3832 1.05

1.5 0 -2206.3763 31.1498

2.0 0 -2234.4793 59.2528

0 -9,477,108 -2646.9820 471.7555
.2 -9,477,108 -2429.2153 253.9888
.4 -9,477,108 -2306.4734 131.2469
.6 -9,477,108 -2237.0892 61.8627
.8 -9,477,108 -2190.2050 14.9785
.95 | -9,477,108 -2175.2265 0

1.0 -9,477,108 -2176.3832 1.05

1.5 -9,477,108 -2227.3103 52.0838

2.0 -9,477,108 -2267.2660 92.0395
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In our cross-sectional analysis, we noted how the
transformation parameters reduced the skewness and
kurtosis of the residuals. Although we are dealing here
with time-series data in which heteroskedasticity is less
likely to occur than in cross-sectional data, it is interes-
ting to note in passing the extent to which the trans-
formation is robust to heteroskedasticity using
Zarembka's (1974) approximate procedure. First, let the
parameter h present the relationship of the square root
of the variance of the dependent variable y, to its expec-
tation: [var(y,)]"?=Vc[E(y)]", where ¢ is some
constant. Then, the procedure consists of finding that
value of the transformation A, conditional upon a belief
about the degree of heteroskedasticity expressed by h,
such that the slope of the likelihood function (80) or (81)
at, say, X(h) is given by

var(Iny)
TF(=x-h)*var(lny)

(83)

If we make the relatively strong assumption that h =1,
the new estimate of A computed from (81) for the TLCM
model is approximately 1.3 instead of 0.95+0.10 (with a
95% confidence interval) which implies that our original
estimates are sensitive to heteroskedasticity and, as in
our cross-sectional study, may reflect its estimation.
Table 15 provides a measure of the coefficient of
multiple correlation R?. The R” in terms of doubly trans-
formed variables used here, DT, is not the same as the
R’ in terms of the original variables, OV, which could
have been used to provide an intuitive measure of the
quality of the adjustment obtained from the model. They

Table 14. Adult market equation; autocorrelation and partial autocorrelation functions of residuals

K R Estimated
Lags AL x=1, b, = 0, p = 0; 181 observations; least-squares residuals standard error
AUTOCORRELATIONS for row
1-12 .30 .07 .10 .05 .04 .03 .03 -.03 .00 -.07 .06 .36 (.07)
13-24 .01 -.19 -.09 -.06 -.06 -.08 -.06 -.16 -.14 -.23 -.09 .10 (.08)
25-36 -.06 .31 -.14 -.07 -.07 -.05 -.06 =12 -.09 -.07 .05 .24 (.10)
37-48 A7 -.12 .09 .04 -.04 -.07 -.05 -.01 -.04 .06 .15 .34 (.11)
49-60 .22 -.04 .04 .02 -.03 -.04 -.06 -.04 -.14 -.04 -.04 -.13 (.12)
PARTIAL AUTOCORRELATIONS
1-12 .30 -.03 .10 -.01 .03 .00 .02 -.06 .03 -.09 .13 .36 (.07)
B. X=.95, ﬁy = 9,477,108, p = 0; 181 observations; least-squares residuals
AUTOCORRELATIONS
1-12 .29 .07 .10 .05 .05 .03 .03 -.03 -.01 -.07 .07 .37 (.07)
13-24 .02 -.18 -.09 -.07 -.04 -.10 -.07 -.16 -.15 -.22 -.09 .10 (.08)
25-36 -.06 -.31 -.13 -.09 -.07 -.06 -.06 -.12 -.09 -.06 .06 .23 (.10)
37-48 7 -.12 .09 .03 -.03 -.06 -.04 -.01 -.04 .07 .16 .33 (.11)
49-60 .22 -.03 .04 .02 -.02 -.04 -.06 -.06 -.14 -.02 -.04 12 (.12)
PARTIAL AUTOCORRELATIONS
1-12 .29 -.02 .09 -.00 .04 .00 .01 -.05 .01 -.08 .13 .35 (.07)
C. X=.95 4 = -9,477,108, p = 8], P15 169 observations, 15th iteration
y Cochrane-Orcutt residuals
AUTOCORRELATIONS
1-12 .15 .05 12 12 -.01 -.00 .02 .05 .08 .02 .06 -.07 (.08)
13-24  -.14  -.03 -.10 -.01 -.03 -.12 .02 -.02  -.07 -.14 02 - (.08)
25-36  -.08 -.19  -.02 .02 -.01 .0 -.01 -0 -.02 -0 -.12 -.00 (.09)
37-48 .07 -.10 .08 .01 .01 -.06 -.04 .06 .03 .09 .14 .10 (.09)
49-60 .01 .05 .02 -.06 -.04 -.02 -.02 .05 .09 .07 -.02 .10 (.10)
PARTIAL AUTOCORRELATIONS
1-12 .15 .03 .1 .09 -.05 -.0 -.00 .04 .08 -.00 .04 -1 (.08)
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Table 1S. Adult market equation: R*

R2 in terms of y()‘)*

A My = 0 by = ﬁy

0 .8610043 .7149096

.2 |.9214585 .8699967

.4 |.9429024 .9363636

.6 |.9583589 .9526755

.8 1.9730985 .9709826

9 |.9761472 .9786077

A .9759198 .9772867

1.0 |.9750439 +.9750439

1.1 ].9721290 .9698936

1.25 |.9659502 .9606491

1.5 |.9524869 .9417343

1.75 .9341717 .9167930

2.0 {.9198391 .9117633

differ as follows:

D= 5 2= 5
DT =1- ovV=1-——moij

2(,‘71 - ¥ )2

(84)

Z (y,(”* _ y'(,\)*)z

where all sums are from 1+R to N and where the
double transformation (A)% is the generalization to mul-
tiple orders of autocorrelation of (71) and, in DT, v
stands for v, or for (v + u,), according to the case.

3.3.3 Effects of the functional form on the significance
of the variables. Although we have not been able to
reject Gaudry’s current model (A = 1, u, =0), it is still
interesting to note the impact which an improperly
specified functional form would have had on the
significance of the variables. As we noted in Section
2.3.3. above, t-statistics are biased at points other than
those associated with optimal functional form parameter
values so that our comments cannot be rigorous.
However, they may still be indicative of the difficulties
which can arise in interpreting results obtained from a
model in which the functional form has been improperly
specified. Because of the large number of variables in the
model, we shall illustrate this impact with four explana-
tory variables (fare, waiting time, travel time, income)
and with the autoregressive parameters. Figures 11 and
12 successively show the t-statistics for these variables
as they vary with A for u, =0 and u, = fi,. In both cases
the statistical significance of the variable is in general the
greatest around the estimated optimal or “true” linear
model. Moreover, at A =1 and around that point, the
service variables have appropriately negative signs, the
income variable has a positive sign and, as one expects
with monthly time-series data, both first and twelfth
order autocorrelation coefficients are positive. Had the
logarithmic form (A = 0) been used, some of these vari-
ables would have changed signs, the worst results being
obtained for u, = fi, where 4 signs change as compared
to 1 with u, =0: although it is interesting to note that
service level variable waiting-time has a positive sign, the
most interesting of these sign changes is that of the
income variable which implies that public transit is an
inferior good with a logarithmic form and a superior
good with a linear form for w, =/, The results cal-
culated at A or around that point appear to be more

#
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Fig. 11. Adult market equation; t-statistics for selected variables and the autoregressive parameters, u, =0.
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Fig. 12. Adult market equation; ¢-statistics for selected variables and the autoregressive parameters, p, = fi..

satisfactory and to have more convincing signs than
elsewhere.

3.3.4 Effects of the functional form on elasticities and
autoregressive coefficients. Similar results occur when
the demand elasticities shown in Figs. 13 and 14 are
examined. They are computed at the mean value of the
observations using Baumol’s (1965) convention which
reverses the estimated sign of the variable. Although
demand elasticities are reasonable independently of A
when p, =0, some of those which have a reasonable sign
in both figures, such as the fare and income, take un-
reasonable values when u, = fi,: with the logarithmic
form, the income elasticity of demand is 1.6 and the price

o
't

3
>

PP PR

e
!

elasticity of demand is equal to 1. Nothing of interest can
be said about the numerical values of the autoregressive
parameters except that the value of p,, peaks around
A =1 in both figures: we are of course quite far from a
model of first differences and it would have been improper
to formulate it in those terms.

Although the impact of making incorrect assumptions
about the functional form is not as considerable on
demand elasticities as it appears to be on the sign and
level of the ¢-statistics, the results in both cases in
general support the optimal linear model. Further details
on the “circumstantial evidence” supplied by ¢-statistics,
demand elasticities and autoregressive coefficients are

Lg o1

o

'
o

PR A ST S T

-1.04

i
1]

Fig. 13. Adult market equation; selected elasticities and values of autoregressive coefficients, w. = 0.
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Fig. 14. Adult market equation: selected elasticities and values of autoregressive coefficients, u, = 4.

Table 16. Adult market equation; f-statistics, elasticities and autoregressive coefficients
Fare Wait-time Travel-time Income G P12
A n t n t n t n t value t value t
Hy = 0
0 .189 -2.49 .199 -1.82 .428 4.01 -.503 1.90 -.22 -2.92 .35 0.47
.2 .202 -3.66 112 -1.33 .464 5.96 -.610 3.03 -.19 -2.53 .07 0.89
.4 194 -4.35 124 -1.44 .484  7.43 -.539 3.09 -.06 -0.78 .21 0.29
.6 .189 -5.20 .104 -0.97 .494 8.90 -.479 2.98 .08 1.24 .45 6.82
.8 .186 -6.36 .098 -1.19 .495 -11.83 -.506 3.43 g2 2.21 .71 13.40
.840 .185 -6.57, .099 -1.31 .494 -12.43 -.513 3.56 1 2.18 .75 15.56
8521 .185 -6.62 .100 -1.35 .494 -12.56 -.515 3.59 1N 2.18 .76 16.10
.877 .184 -6.67 .105 -1.44 .494 -12.76 -.519 3.65 .10 2.20 .77 16.94
.90 .183 -6.67 111 -1.55 .494 -12.87 -.521 3.69 10 2.26 77 17.37
.9521 .182 -6.59 .134 -1.83 .494 -12.89 -.523 3.7 1 2.48 .76 17.50
1.00 .180 -6.42 .161  -2.15 .493 -12.70 -.520 3.67 A3 2.77 .74 17.05
1.041 179 -6.25 .187 -2.41 .492 -12.43 -.515 3.60 .14 3.02 .72 16.53
1.0521 .178 -6.20 .195 -2.48 .491 -12.35 -.514 3.57 .15 3.08 .71 16.38
1.098 177 -5.99 .226 -2.75 .489 -11.96 -.505 3.45 .16 3.33 .69 15.75
1.1 177 -5.98 .227 -2.76 .488 -11.94 -.505 3.45 .16 3.34 .69 15.73
1.25 172 -5.26 .336 -3.52 .472 -10.43 -.466 2.96 .21 4.05 .61 13.82
1.5 .162 -4.20 .504 -4.46 .425 - 7.96 -.397 2.19 .30 5.23 .50 11.14
1.75 .150 -3.21 .677 -5.40 .327 - 5.13 -.323 1.51 .45 7.58 .37 8.26
2.0 .142  -2.45 .870 -6.68 27 - 1. -.371 1.44 .67 12.44 19 4.34
Wy
0 1.043 -1.65 |-1.372 1.84 .427 - 0.51 ' 1.562 -0.81 -.09 -1.15 -.16 -2.10
.2 .424 -2.87 | -.377 1.98 .440 - 2.19 .227 -0.45 -.27 -3.66 -.10 -1.42
.4 .253 -3.81 .030 -0.33 .486 - -5.35 -.321 1.37 -.31 -4.24 -.03 -0.39
.6 .189 -4.12 .108 -1.32 .500 - -7.67 -.437 2.51 -.10 -1.36 a7 0 2.21
.8 .184 -5.82 .047 -0.46 .510 -10.97 -.476 3.07 .09 1.54 .66 11.99
.873 .184 -6.83 .039 -0.56 .494 -13.1 -.514 3.63 .05 1.17 .83 18.44
.9 .184 -6.93 .052 -0.77 .493 -13.38 -.524 3.76 .05 1.27 .83 19.57
.95 .182 -6.73 .105 -1.49 .495 -13.22 -.527 3.78 .09 2.01 .79 18.50
1.00 .180 -6.42 161 -2.15 .493 -12.70 -.520 3.67 A3 2.77 .74 17.05
1.051 179 -6.12 .213 -2.66 .489 -12.07 -.511 3.52 .16 3.32 .69 16.00
1.1 .178 -5.85 .259 -3.03 .482 -11.43 -.501 3.35 .18 3.68 .66 15.20
1.25 175 -5.08 .382 -3.78 .457  9.54 -.467 2.83 .24 4.42 .58 13.24
1.5 170 -3.99 .549 -4.49 .394 6.70 -.396 2.01 .34 5.83 .47 10.37
1.75 .164 -2.88 .789 -5.84 1750 2,34 -.302 1.19 .60 10.97 .25  6.01
2.0 L1585 -2.37 .894 -6.43 .048 5.47 -.408 1.44 .72 13.89 .13 2.83

*By definition, elasticities are computed with the opposite of the sign of the estimated
coefficient or t-statistic.
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provided in Table 16. These practical criteria give further
support to the results of the tests of functional form: the
results are in general more reasonable at the point of
optimal value of functional form parameters than else-
where.

3.4 Results for the schoolchildren market equation

The remainder of this section is devoted to a summary
of the results obtained for the second market. In order
not to prolong our paper unduly, we shall summarize the
results rapidly and note a few differences with the adult
market results. Because the CECM model (u, =0) is a
special case of the TLCM model (u, # 0), we will again
examine them jointly.

3.4.1 Estimation and tests of the functional form. As
shown in Figs. 15 and 16, the likelinood function closely
resembles that of the adult market with a maximum at
X =0.86 and ji =— 1,194,609, its maximum value under
the binding constraint y + u, >0 defined in (3).

As was the case for the adult market equation, the
conditional test for A, found in Table 17, shows that one
could not reject the hypothesis that A = 0.86 is equal to 1,
for w, =—1,194,609 at the 95% level; in contrast with
adults, the conditional test for w,, found in Table 18,
shows that one could reject the hypothesis that u, is
equal to zero, but only for A =0.86. However the un-
conditional test, found in Table 19, implies that the
original linear model with A =1 and u, =0 cannot be
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Table 17. Schoolchildren market equation; conditional test for A
cix = = -480, = -940, = 21,194,
(x) “y uy 000 uy 940,000 “y 1,194,609
A L()\,uy,p) Stat. L(x,uy,p) Stat. L(A,uy,p) Stat. L(A,py,p) Stat.
0 -2118.5233 50.5243 -2127.7623 59.8047 -2151.4300 83.7305 -2378.1581 312.0814
.2 -2095.1598 27.1608 -2100.1012 32.1436 -2113.8296 46.1301 -2197.8264 131.7497
.4 -2083.2925 15.2935 -2085.1341 17.1765 -2090.5840 22.8845 -2111.2009 45.1242
.6 -2074.9831 6.9841 -2075.2122 7.2546 -2076.1858 8,4863 -2076.9154 10.8387
.8 -2069.7286 1.7296 -2069.4496 1.4920 -2068.9570 1.2575 -2066.5853 0.5086
X -2067.9990 0 -2067.9576 0 -2067.6995 0 -2066.0767 0
1.0 -2067.9990* 0 -2067.9990 0.0414 -2067.9990 0.2995 -2067.9990 1.9223
1.1 -2068.3751 0.3761 -2068.7228 0.7652 -2069.4362 1.7367 -2071.3946 5.3179
1.2 -2069.4354 1.4364 -2070.2264 2.2688 -2071.8456 4.1461 -2075.9798 9.9031
1.5 -2075.1233 7.1243 -2071.6118 9.6542 -2082.5820 14.8825 -2093.7210 27.6443
2.0 -2088.0513 ] 20.0523 -2094.1017 26.1441 -2105.6332 37.9337 -2128.9198 62.8431
*F, =0, x=1.0.
or Hy 0, A
Table 18. Schoolchildren market equation: conditional test for w,
A=0 A= .86 A=1.0 A=2.0
L(X,m,,0 . L(A,u,»p . L(X,u,,p . M, »P .
uy ( uy,p) Stat (A Hy o) Stat (2 Hy o) Stat L(A Hy o) Stat
0 -2118.5233 0 -2068.8396 2.7629 -2067.9990 0 -2088.0513 0
-240,000 -2122.2734 3.7501 -2068.7253 2.6486 -2067.9990 0 -2090.6330 2.5817
-480,000 -2127.7623 9.2390 -2068.5746 2.4979 -2067.9990 0 -2094.1017 6.0504
~700,000 -2135.6297 17.1064 -2068.3839 2.3072 -2067.9990 0 -2098.5002 10.4469
-940,000 -2151.4300 32.9067 -2068.0654 1.9887 -2067.9990 0 -2105.6332 17.5819
-1,190,000 -2249.4399 130.9166 -2067.1071 1.0304 -2067.9990 0 -2121.2743 33.2230
-1,194,609 -2378.1581 259.6348 -2066.0767 0 -2067.9990 0 -2128.9198 40.8685

Table 19. Schoolchildren market equation: unconditional test for

rejected. The statistical grounds for departing from the

A and p, original model are therefore stronger than they were for
\ . Lo ) Stat the adult equation but not strong enough to do it with a
Y 7y high degree of confidence: the TLCM model with A =
0 0 -2118.5233 52.4466 0.86 and g, =—1,194,609 appears on the whole only
2 0 -2095.1598 29.0831 marginally preferable to the linear model, if at .all.. .
3.4.2 Effects of the functional form on the distribution
4 0 -2083.2925 17.2158 . "
of residuals. For the unconditional test U(p) of Table
6 0 -2074.9831 8.9064 10, the nest statistic was 25.1849; this value implied, with
.8 0 -2069.7286 3.6519 4 degrees of freedom required by the fgur non-zero
elements of vector p, that the null hypothesis p = 0 could
.86 0 -2068.8596 2.7629 . . . .
be confidently rejected (percentage points given with
1.0 0 -2067.9990 1.9233 Table 5). For the joint unconditional test U(A, u,, p), the
1.5 0 -2075.1233 9.0466 appropriate statistic was 25.8834 implying, with 6 degrees
2.0 0 20880513 21 976 of freedom (percentage points table not given) that the
' e ‘ null hypothesis (A = 1, u, =0, p = 0) could also be rejec-
0 -1,194,609 | -2378.1581 | 312,0814 ted with confidence. These results of more convincing
.2 | -1.194,609 | -2197.8264 | 131.7497 unconditional tests lead one to believe that, although we
i igi ification of
4 1.194.609 | -2111.2000 15,1242 may be using too complex an original specification of the
autoregressive structure p =(p;, ps, ps, p12), so that
-6} -1,194,609 | -2076.9154 | 10.8387 weaker lags are affected by the functional form
.8 |-1,194,609 | -2066.5853 0.5086 parameters, as shown in Table 20, the strength of that
structure is not fundamently weakened by the estimation
.86 | -1,194,609 | -2066.0767 0 . ;
of the functional form parameters. This effect of the
1.0 1-1,194,609 | -2067.9990 1.9223 functional form on the estimates of p is stronger than it
1.5 |-1,194,609 | -2093.7210 27.6443 was for the adult equation, presumably because the
2.0 |-1.198,609 | -2128.9108 62,8431 optimal A is f.urther away from 1 than it was in the adult
market equation. In neither case have we been able to
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Table 20. Schoolchildren market equation; autocorrelation and partial autocorrelation functions of residuals

Estimated
Lags A. x=1, “y =0, p=0; 181 observations standard error
AUTOCORRELATIONS for row
1-12 .16 -.02 -.22 -.20 -.05 .09 -.05 -.08 -7 -.01 .02 .40 (.07)
13-24 .07 -.01 -.14 -.10 -.04 .04 -.10 -.04 -.20 -.06 .04 .24 (.09)
25-36 .03 -.04 -1 -.02 .03 .09 .02 -.05 -.10 -.06 .02 .19 (.10)
37-48 .01 .01 -.07 .06 .07 .01 -.05 -.17 -.09 -.02 .05 .20 (.11)
49-60 01 -.01 -.05 -.03 .05 -.01 -.14 -.15 -.06 .03 1N .20 (.11)
PARTIAL AUTOCORRELATIONS
1-12 .16 -.04 -.22 -.15 -.01 .05 -.15 -1 -.15 .01 -.06 .34 (.07)
B. A= .86, ﬁy = -1,194,609, p = 0; 181 observations; least-squares residuals
AUTOCORRELATIONS
1-12 .15 -.02 -.24 -.19 -.07 .09 -.08 -.08 -7 -.01 .02 .42 .07
13-24 .08 .02 -.13 -.09 -.06 .06 -.08 -.06 -.19 -.07 .01 .25 .09
25-36 .04 .00 -.1 -.04 -.00 .09 .02 -.04 -.Nn -.07 .00 .20 (.10)
37-48 .03 .04 -.08 .04 .06 .01 -.05 -.14 -.10 -.00 .03 .20 (.11)
49-60 .03 .02 -.06 -.05 .05 .01 -.12 -.15 -.07 .02 1 .20 (.11)
PARTIAL AUTOCORRELATIONS
1-12 .15 -.04 -.23 -.13 -.03 .06 -.19 -1 -.15 -.02 -.07 .35 (.07)
C. A= .86, ﬂy = -1,194,609, p = B], 53. 54, 512; 169 observations; 15th iteration
Cochrane-Orcutt residuals
AUTOCORRELATIONS
1-12 .04 -.01 .01 -.16 -.01 .02 -.13 .04 -.10 .08 -.08 -.02 (.08)
13-24 .01 .03 .03 .06 -.07 -.05 -.09 -.04 -.17 -.02 -.01 .04 (.08)
25-36 -.01 -.03 .02 -.02 -.02 7 .04 .05 -.03 -.08 .04 .02 (.09)
37-48 .01 .03 -.13 .03 .04 -.00 .02 -1 -.01 .01 -.01 .04 (.09)
49-60 -.01 .04 -.04 -.10 -.01 .00 -.09 -.08 .02 .01 .08 .09 (.09)
PARTIAL AUTOCORRELATIONS
1-12 .04 -.01 .01 -.16 .01 .02 -.13 .03 -.1n ah -.14 .01 (.08)
isolate a dramatic change of the autoregressive structure Table 21. Schoolchildren market equation; R*

because our optimal forms have been close to the ori-

ginal linear form. o ' RZ in terms of (M

By contrast, reestimation of A under the assumption 0 -
that h = | in (83) yielded approximately 1.95 instead of Aol WS By =Wy
0.86+0.14 '(with a 95% interval) whigh implies that our 0 8307513 3330711
original estimate of A in the schoolchildren market equa- 54 6893671
tion may reflect an estimation of heteroskecasticity to a -2 | 9548996 ’
much greater extent than did our estimates of A in the .4 | .8602800 .8531399
adult market equation. o 6 | .8607228 8867933

Table 21 presents the R coefficient in terms of doubly s | as71807 6728477
transformed variables and computed as in (84). . ) ’

3.4.3 Effect of the functional form on the significance A | .8489854 .8660312
of variables. Subject to the warnings made in Sections 1.0 | .8489854 8489868
2.3.3. and 3.3.3. above, Figs. 17 and 18 give an idea of the
; : . . X 1.1 | .8420659 .8355506
impact of assuming an incorrect functional form on the
statistical significance of variables. As for the adult 1.3 | .8204326 .8060134
equation, assuming that the form is logarithmic instead 1.5 | .8029628 .7864064

i i the sign of a number of
of a}pprox1mately 'hnear changes gn o T 0 2.0 | 7846937 7789682
variables (trave] time, for u, = 0; travel time and waiting

time, for w, = fi,) in an unreasonable direction and also
changes the sign of other variables (ps and income, for
wy =0; ps and income, for u, = fi,), the true signs of
which are unknown; as in the adult equation, the results
for uy =, are worse than those for wu, =0 and they
provide support for the linear or approximately linear
form established by the functional form tests.

3.4.4 Effects of the functional form on elasticities and
autoregressive coefficients. If, m Figs. 19 and 20, one
retains the variables which have a reasonable sign for the
logarithmic form, the income elasticity is the only one
which is absurdly high; other absurdly high elasticities,

notably for u, = [, belong to the waiting time and travel
time variables which have unreasonable signs for the
logarithmic form.

Therefore, as we found for adult equation, the linear
model cannot be rejected with confidence and the
circumstancial evidence yielded by the behavior of t-
statistics and of demand elasticities, provided n details
in Table 22 for other models such as the log linear one,
emphasizes the importance of using the correct
functional form.
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Fig. 17. Schoolchildren market equation: t-statistics for selected variables and the autoregressive parameters,
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Fig. 18. Schoolchildren market equation; t-statistics for selected variables and the autoregressive parameters,

My =

4. CONCLUSION

We have shown how particular models found in the
literature can be seen as special cases of a broad family
of models in which transformation parameters used on
the fixed part, or parameters which specify the stochastic
part, of such models have been constrained in many
ways: the most current of these models are the linear or
log-linear formats for the fixed part and the use of first
differences of residuals for the stochastic part of time-

.

series models; it is the standard logit model in market
share models. We have estimated aggregrate models
which used fewer restrictions and shown from these
particular examples that weaker restrictions were pref-
erable not only because statistical tests might show that
they dominate models which use stronger restrictions but
also because the sign, significance and elasticities asso-
ciated with parameters of explanatory variables deter-
mined jointly with functional form parameters might be
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Fig. 19. Schoolchildren market equation; selected elasticities and values of autoregressive coefficients, u, =0.
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Fig. 20. Schoolchildren market equation; selected elasticities and values of autoregressive coefficients, u, = /.

more convincing than results obtained otherwise. We
have shown in particular that a standard logit mode share
model and logarithmic total demand models were clearly
inferior to flexible form models. The fact that optimal
values of the functional form parameters seem to be
associated with the most convincing signs and demand
elasticities apparently provides an ex post justification of
the frequently used approach of trying a few forms and
keeping that which yields “good” results. The consider-

able impact of functional form parameters on all other
parameters of the models we have considered suggests
that this approach can go a long way towards improving
a number of models in current use, such as the standard
logit model. Whether any gains to be made in this way
are more important than those made by using simul-
taneous equations estimation techniques should be the
object of further research in which these problems would
be considered jointly.
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Table 22. Schoolchildren market equation: f-statistics, elasticities and autoregressive coefficients
Fare Wait-time Travel-time Income ) ) Py 0y
n t n t n t n t value t value t value t value t
Yy
.0 .463 -2.96 0.637 -1.96 |-0.909 2.07 1.879 -2.76 .10 1.54 | -.46 -8.24 | -.03 -0.43 | .36 8.89
.2 .457 -3.44 0.326 -1.00 |-0.395 0.99 0.995 -1.70| .10 1.46 —.;3 -7.67 | -.06 -0.87 | .40 8.57
4 .442 -3.53 0.258 -0.82 |-0.105 0.29 0.459 -0.87 .10 1.58 1 -.41 -6.90| -.06 -0.90 | .41 7.44
.6 431 -3.59 0.224 -0.76 0.057 -0.17 0.044 -0.09) .12 1.77| -.38 -6.03| -.07 -0.94 | .41 6.5
.653 | .430 -3.61 0.217 -0.75 0.084 -0.25 [-0.058 0.12( .13 1.85| -.37 -5.82| -.07 -0.95 | .41 6.37
.791 431 -3.67 0.205 -0.74 0.131 -0.41 [ -0.310 0.65 14 2,08 -.35 -5.36 | -.07 -0.99 | .41 6.20
.8 431 -3.68 0.204 -0.74 0.133 -0.42 | -0.325 0.69| .14 2.09] -.35 -5.33| -.07 -0.99 | .41 6.20
.9 .434  -3.72 0.203 -0.75 0.150 -0.48 | -0.493 1.05| .16 2.29| -.33 -5.08| -.07 -1.00 | .41 6.24
1.00 .438 -3.75 0.213 -0.80 0.158 -0.52 | -0.650 1.39| .17 2.51 -.32 -4.87 | -.07 -0.97 | .41 6.37
1.1 .441 -3.76 0.241 -0.89 0.161 -0.54 | -0.798 1.69| .19 2.78| -.31 -4.70| -.06 -0.87 | .41 +6.65
1.231 .443 -3.71 0.334 -1.17 0.164 -0.57 | -0.980 2.03| .22 3.30| -.29 -4.55| -.04 -0.51 .43 7.43
1.3 .443 -3.68 0.410 -1.38 0.170 -0.60 | -1.067 2.18| .24 3.63| -.29 -4.54 | -.02 -0.23 | .43 8.00
1.428 | .447 -3.64 0.549 -1.76 0.195 -0.71 -1.206  2.39( .27 4.17| -.30 -4.63 .02 0.31 .45  8.93
1.5 .450 -3.64 0.614 -1.94 0.216 -0.79 | -1.274 2.50| .28 4.41{ -.29 -4.73 .04 0.60 | .46 9.30
2.0 .485 -3.79 0.853 -2.63 0.376 -1.45 | -1.656 3.04| .32 5.24| -.31 -5.30 . 1.85 | .51 11.03
by = by
0 .536 -0.62 |-1.345 0.57 [-2.533 (.98 2.73¢ -0.66 | .10 1.34 | -.11 -1.58 | -.07 -0.97 .53 5.26
.2 .541 -1.89 |[-0.021 0.03 |-1.157 1.33 2.033 -1.56 | .09 1.29 | -.28 -4.14 | -.07 -1.04 |.44 6.57
.4 .467 -2.85 0.345 -0.88 |-0.353 0.72 1.197 -1.74| .07 0.98 | -.41 -6.46 | -.07 -0.99 |.37 5.66
.6 432 -3.37 0.290 -1.06 0.039 -0.10 0.461 -0.89| .07 1.05| -.43 -6.75| -.08 -1.09 |.35 5.2
.664 | .431 -3.49 0.252 -0.96 0.087 -0.25 0.239 -0.48| .09 1.26| -.42 -6.48 | -.08 -1.07 |.36 5.38
.8 .433 -3.65 0.205 -0.79 0.134 -0.41 | -0.174 0.37 12 1.79 | -.38 -5.76 | -.07 -1.02 [.39 5.76
.86 .434 -3.70 0.198 -0.76 0.144 -0.45 | -0.332 0.7 .14 2.01 | -.36 -5.45] -.07 -1.01 .39 5.94
.9 .435 -3.72 0.199 -0.76 0.149 -0.48 | -0.429 0.92| .15 2.16 | -.35 -5.27 | -.07 -1.00 |.40 6.06
1.00 .438 -3.75 0.213 -0.80 0.158 -0.52 | -0.650 1.39] .17 2.51 -.32 -4.87 | -.07 -0.97 |.41 6.37
1.10 .440 -3.74 0.250 -0.90 0.168 -0.57 | -0.846 1.79 | .19 2.88 | -.30 -4.59 | -.06 -0.86 |.42 6.80
1.121 L4417 -3.73 0.262 -0.94 0.170 -0.58 | -0.884 1.86| .20 2.97 | -.30 -4.54 | -.06 -0.82 |.42 6.91
1.30 .444  -3.64 0.416 -1.35 0.206 -0.72 | -1.177 2.36 | .25 3.81 | -.28 -4.39 | -.01 -0.22 |.44 8.23
1.50 .455  -3.59 0.578 -1.76 0.284 -1.02 | -1.434 2,73 | .29 4.56 | -.29 -4.61 .04 0.56 |.46 9.35
2.00 .504 -3.65 0.765 -2.20 0.496 -1.80 | -1.958 3.33}| .33 5.46 | -.31 -5.10 1 1.76 |.50 10.81
*By definition, elasticities are computed with the opposite of the sign of the estimated coefficient or t-statistic.
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