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Discrete choice models as demand forecasting techniques have been used for transportation
applications for more than thirty years. The multinomial and nested logit models are probably
the most widely applied in this context. Alternative specific constants, although playing an
important role in these models, have received very little attention in theoretical studies. In this
paper, we try to fill this gap by providing an analysis of the overspecification caused by
alternative specific constants to the log-likelihood function of multinomial and nested logit
models. The theoretical results lead directly to a particular strategy of alternative specific
constant specification, called here the orthogonal strategy. The analysis of the relationship
between any two arbitrary strategies and the derivation of an interesting geometrical property
of the orthogonal strategy provide a motivation to prefer the latter.

Discrete choice models have been developed in
several fields, as mathematical psychology, biomet-
ric, and marketing (see MCFADDEN and MANSKI,
1981, for example). As demand forecasting tech-
niques, they have been used for transportation ap-
plications for more than thirty years. The multino-
mial and nested logit models are probably the most
widely applied in this context. They have been ana-
lyzed in details in the literature (see, for example,
MCFADDEN, 1981 and BEN-AKIVA and LERMAN,
1985).

Alternative specific constants (ASCs) play an im-
portant role in these models: they correspond to the
expectation of the random error term, and thus rep-
resent preferences, which are inherent and indepen-
dent of specific attribute values, toward the alterna-
tives. Furthermore, an incorrect choice of ASCs can
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cause model overspecification. Despite their impor-
tance, a detailed analysis of the role of ASCs is not
available in the literature, at least to the authors’
knowledge. Among the published references, Ben-
Akiva and Lerman (1985) suggest avoiding over-
specification of multinomial models by defining only
J — 1 ASCs for a choice set of size J. A common
practice in this case is thus to assume that one
(arbitrary) ASC is equal to zero. Simple generaliza-
tions of this principle to nested-logit models typi-
cally result in either equating one ASC to zero and
estimating the rest (DAGANZO and KUSNIC, 1993), or
in applying the same principle to all levels of the
hierarchy (Ben Akiva, M., private communication,
March 1995).

In this paper, the role of ASCs is analyzed in
detail from a complete description of the geometry of
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the overspecified log-likelihood function. A charac-
terization of the overspecification due to the ASCs is
fully developed, through the definition of the invari-
ant subspace, which includes all the directions pro-
ducing no changes to the log-likelihood. This leads to
the identification of the subspace containing all the
relevant geometrical information, that is the sub-
space orthogonal to the invariant subspace. After
showing that an infinite number of different strate-
gies can be used to overcome the overspecification
problem, it is proved that any two strategies are
equivalent up to a nonsingular linear transforma-
tion of the variables of the optimization problem.

In addition to the presentation of commonly
known strategies to remove overspecification, a new
strategy, called here the orthogonal strategy, is de-
scribed. It is deduced directly from the theoretical
results presented in this paper and exhibits an in-
teresting and desirable geometrical property.

The paper is organized as follows. Section 1 intro-
duces briefly the Nested Logit Model. Section 2 de-
velops the geometrical characteristics of the over-
specified log-likelihood function, while Section 3
describes some specification strategies, analyzes
their relationship, and establishes the optimal geo-
metric nature of the orthogonal strategy. Before con-
cluding in Section 5, important algorithmic implica-
tions and practical comments are provided in
Section 4.

1. THE NESTED LOGIT MODEL

THE STRUCTURE OF a nested logit model is commonly
represented by a directed tree J, the vertices, or
nodes, of which feature alternatives of the choice
process (see for example, Ben-Akiva and Lerman,
1985, or DALY, 1987). The (unique) predecessor of a
node % is called its father and is denoted by k. The
set

QGk)={t € T|t=F)} (1)

is called the set of the children of node k. The nodes
in J are partitioned into three subsets: the root, the
elemental nodes and the structural nodes. The root
is the only node, noted r, that has no father. The set
of elemental nodes € is defined as the set of nodes
without children, and the set of structural nodes & is
defined as the set of nodes with children, excluding
the root.

P={¢ €T, ¢ *rl€r) # 2. (2

The model is said to be multinomial if all nodes
except the root are elementary.
In a linear logit model, the systematic part of the

utility function associated by a given individual with
an elemental node £ has the following form:

Vi=ci+ 2 Bixa, 3)

where k € €, x;;, is the ith characteristic experienced
by the individual for alternative %k, B; is the (un-
known) coefficient representing the relative impor-
tance of characteristic ; and ¢, is the ASC associated
with alternative 2. The ASC represents the expec-
tation of the stochastic part of the utility function.
Incorporating it in the deterministic part allows the
assumption of zero mean to be always valid.

The utility function associated with a structural
node % for a given individual has the form

Vi=ci+ 2 Bau+ 0log D eVi™ (4)
i ece®)

where & € ¥, the first two terms of the right-hand
side correspond to the part of the utility function
specific to node &, and 6, € R is the (unknown)
structural coefficient associated with node k. We
note that an ASC is associated with every node of
the tree but the root. It is emphasized that, contrary
to Daganzo and Kusnic (1993), specification of util-
ity functions (and of ASCs) for structural nodes is
enabled here.

The choice model is defined by the specification of
the probability Prob(k) that the given individual
chooses alternative k. This probability can be spec-
ified recursively as follows.

e If £ = r (that is if % is a child of the root), then

Prob(k) = e o Z thler’ (5)

£E%(r)

e otherwise,

E eVilo 6)

ecb(k)

Prob(k) = Prob(k)e"¥%

Note that only (5) applies to multinomial models. It
can be assumed, without loss of generality, that the
scale parameter associated to the root, 6,, is equal to
1.

The log-likelihood function corresponding to an
arbitrary sample can then be defined as

£(B,0,¢c)= X  logProb(k), (7)

JjE€lindividuals}

where k; is the alternative actually chosen by indi-
vidual j in the sample, 8 is the vector of ¢ coefficients
B;, @ the vector of |¥| coefficients 6,, and c is the

vector of n = |J| — 1 ASCs. The coefficients are then
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estimated by the maximum likelihood method, that
is by solving the problem

max £B,0,c), BER, 6 RY ceR.

B.oc

(8)

2. GEOMETRICAL ASPECTS OF
OVERSPECIFICATION DUE TO ASCs

IT IS WELL-KNOWN that a model including all n ASCs
produces an overspecified log-likelihood function
(see Ben-Akiva and Lerman, 1985). Such a situation
must be avoided because it prevents many estima-
tion procedures from finding an optimal solution to
problem (8). Although some of the more robust
methods nevertheless succeed in converging (see, for
example, BIERLAIRE, 1995), their speed of conver-
gence can be very slow. This problem is due to the
singularity of the second derivatives matrix (or Hes-
sian matrix) of the log-likelihood function. More-
over, the usual estimation of the variance-covari-
ance matrix, which involves the inverse of this
Hessian, cannot be computed in this case. In this
paper, we will concentrate on the overspecification
arising from the ASCs and will not consider other
possible sources depending on the data and model
structure.

The overspecification in the multinomial case
arises because adding the same quantity to the util-
ities of all alternatives does not affect the log-likeli-
hood of the sample. This is characterized by Theo-
rem 1.

THEOREM 1. Let £(8, c¢) be the log-likelihood func-
tion of an arbitrary sample for a multinomial model
with n alternatives and q coefficients. Then

£(B,c)=%(B,c+z) Vz € spanie},

wheree = (1,1, ..., 1)T is the vector of all ones (the
superscript T denoting the transpose operator), and
spanfe} is the subspace containing all linear combi-
nations of e.

The proof is directly obtained from the form of the
logit model in (5). We then say that

M = gspan{e} (10)

is an invariant subspace associated with £.

Characterizing the overspecification in the nested
case is slightly more complex. Indeed, the source of
overspecification is at least twofold. First, the root
and its children, considered as a multinomial sub-
model, may cause overspecification, as characterized
by the next theorem.
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THEOREM 2. Let £(B, 6, c) be the log-likelihood
function of an arbitrary sample for a nested model
with n nodes, |¥| structural nodes and q coefficients.
Then

LB, 0,c)=%L(B, 0,c +2z) Vz € span{v,}

11)
where
v,= 2 e € R, (12)
kEC(r)
ande, =(0,0,...,1,..., 0)T is the unit vector

composed of zeros, except for the kth entry which is 1.

The proof is directly obtained from (5). The vector v,
is composed of zeros, except for entries correspond-
ing to the children of the root which are ones, that is

E & 6(r)oelv,=0, (13)
and
E e 4(r) ©efv,=1.

The second source of overspecification is related to
definition (4) of the utility of structural nodes. In-
deed, if a constant is added to the utility of each
child of a structural node k& and subtracted from the
utility of &, then the global utility of node % is un-
changed, and neither is the log-likelihood function.

THEOREM 3. Let £(B, 0, ¢c) be the log-likelihood
function of an arbitrary sample for a nested model
with n nodes, |¥| structural nodes and q coefficients.
Then, for each k € &, we have that

(B, 0,c) =L(B,0,c+2z) Vz € span{v,}, (14)

where

v = Z e, — e;. (15)
I=A0)

The proof is directly obtained from (4). We next
define the invariant subspace M of R".

THEOREM 4. The family of |¥| + 1 vectors {v,,
{vi)rey!) is a basis of the subspace

M = Span{vr, {Uk}ke.‘f}

def

=l av,+ 2, auile,, a, € R, VB € F,
kes

(16)

containing all linear combinations of {v,, (v lieql.

Proof. The desired result immediately follows
from the definition of M and from the linear inde-
pendency of the family {v,, {v,)ey}. See BIERLAIRE
(1996) for additional details. ]
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Fig. 1. A tree structure.

We next prove that M completely characterizes
the overall invariant subspace, that is, it accounts
for all the overspecification of the nested model due
to the ASCs.

THEOREM 5. The subspace M defined by (16) is the
overall invariant subspace for the likelihood function
associated with the nested logit model for any given
values of B and 0. Therefore, the dimension of this
invariant subspace is |¥| + 1.

Proof. Let M* be the overall invariant subspace.
By Definition (16) of M, we have that M C M*,
Showing that

dim M* < dim M = |9| + 1 (17)

will complete the proof.

We deduce from DAGANZO and KUSNIC (1992)
that, for fixed B and 6, the log-likelihood function is
strictly concave if no utility (and, therefore, no ASC)
is associated with the |¥| structural nodes and one
arbitrarily selected elementary node, say the first. It
means that there exists a subspace C, with dim C =
n — (|¥| + 1), such that (7) is strictly concave along
any direction belonging to C. By definition of M*, we
have that M* N C = &. Therefore, as M* U C C R?,
we have

dim(M* U C) = dimM* + dimC

=dimM* +n - (9| +1) < n,
(18)

that yields to (17). O

Consequently, any nonzero vector z such that, for
any $ and 6,

£(B, 6, ¢c) = %(B, 0, c +2), (19)

belongs to M.

Consider for example a nested model with two
structural nodes based on the tree structure shown
in Figure 1. The associated invariant subspace M is

then spanned by the three vectors
v,=(0,0,0,0,1, 1)T,
vs=(1,1, -1, 0,0, 0)7,
vs;=1(0,0,1,1, -1, 0)T. (20)

The previous results have shown that no informa-
tion on changes in the log-likelihood function can be
obtained in the invariant subspace M. However,
since this function is typically not constant, there
must be another part of R* where the desired infor-
mation, that is variations in function values and
derivatives, can be found. The next theorem indi-
cates that all this important information lies in the
orthogonal complement of M in R”, defined by

C,={w € Rw"2=0forallz € M}. (21)

THEOREM 6. Consider the gradient VL(B, 0, ¢) and
the Hessian V2¥(B, 0, ¢) of £ evaluated at any
(B, 8, ¢c) € RI*W¥I*™ Lot also C, be the orthogonal
complement of M in R", P, be the orthogonal pro-
Jector onto C | and let

. I 0

P, = (0 PJ.) (22)
be the orthogonal projector onto R?*¥! x C |, where
I is the identity matrix of dimension q + |¥|. Then

A

VZ(B, 0, ¢c) = P,VZ(B, 6, c), (23)

and

VZSB(B, 0, C) = Plvz‘gg(ﬁ, 9) C)P.L'

Proof. By definition of the invariant subspace and
the orthogonality of P, we have that

LB, 8, ¢) =L(B, 0, P.c) = L(P,(B, 6, ¢)),

The desired result then immediately follows from
chain-rule differentiation. O

Note that the proof of the theorem implies that the
same result applies not only to the gradient and
Hessian of the log-likelihood functions, but also to
all higher order derivatives.

After examining the behavior of the overspecified
log-likelihood function and its derivatives, we are
now in position to specify strategies to overcome this
overspecification.

3. STRATEGIES FOR RESOLVING THE
OVERSPECIFICATION

IN ORDER TO AVOID the under-determinacy in ¢ due
to the existence of the invariant subspace M, it is

Copyrgnt © 20071 All RIgNS Reserved



necessary to constrain the log-likelihood’s maximi-
zation to a subspace C complement to M, that is for
which

M & C=R" (25)

We denote by C the constraint subspace, whose di-
mension is dim(C) = n — (|¥| + 1) = [¢| — 1. We note
here that there are infinitely many such subspaces,
and that we only need to select one in order to avoid
overspecification. Inasmuch as Theorem 6 indicates
that all the relevant function and derivative infor-
mation is contained in C |, it is natural to choose the
constraint subspace C to be identical to C, . We call
this particular ASC specification strategy the or-
thogonal strategy. We now characterize C, from the
definition of M.

The hyperplane orthogonal to v, defined by (12) is
characterized by the equation

> ¢;j=0. (26)

JEB(r)

For each &, the hyperplane orthogonal to v, defined
by (15) is characterized by

Z Cj“Ck=O. (27)
JEG(R)

The constraint subspace C | is then the intersection
of the hyperplanes defined by (26) and (27). Refer-
ring to the tree shown in Figure 1, (26) and (27) can
be written as

C5+ Cg = 0, Cg = —Cs,
C3+C4_C5=0, or C4=_C3+C5,
c;tepa—c3=0, ¢y = —c;tecg,

that is,

C, = range (28)

SO0 oK
|

COHKHFO

HHMHOOO

As far as the authors are aware, the orthogonal
strategy is not used in practice. We next describe
several alternative techniques for choosing C that
are applied in the field, both for the multinomial and
the nested case. The technique most widely used for
the multinomial case has been described, namely by
Ben-Akiva and Lerman (1985), and consists of se-
lecting an arbitrary node b for which the ASC is
constrained to be zero. The corresponding constraint
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subspace is then given by

y €b-15 €pt1y + + en}

= @ span{e,}. (29)

€+b

C% = spanfey, ...

Note here that the n possible choices for b yield n
different C%,. This technique is appealing because
both the interpretation of the estimated ASCs and
its practical implementation are straightforward.

Two methods seem to be used in practice for ASC
specification in the case of nested models. The first
is inherited from the technique we just described for
the multinomial case and appears, for instance, in
Daganzo and Kusnic (1992): an elemental node b is
chosen arbitrarily and its ASC is constrained to be
zero, as are the ASCs associated with structural
nodes. It is called here the elemental strategy, be-
cause the hierarchical structure of the model is not
taken into account.

Choosing an arbitrary b € ¢, the constraint sub-
space C? is defined as

C! = @ span{e,}. (30)
ece
e#b

This specification is very similar to (29). Applying
this method to the example described by Figure 1,
and arbitrarily choosing b = 6, we have

C? = range (31)

OO OO O
QO OO O
OOMHOOO

The second strategy also draws its inspiration
from the multinomial practice. However, in contrast
to the previous one, the structure of the tree is now
explicitly taken into account. It is therefore called
here the structural strategy. For the root r and each
of the |¥| structural nodes %, we select one and only
one arbitrary child, denoted b, and b,, respectively,
whose associated constant is constrained to be zero.
We also define

BE(BYU{bJE € P} (32)

to be the set of all such nodes. The constraint sub-
space C,, is then given by

CP= @ spanie,}. (33)

RET\R
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Considering the tree shown in Figure 1 and select-
ing b3 = 2, b; = 3, and b, = 6, we have that

C{#3% = range (34)

OO OO O M
OCOHOOO
OHOOOCO

After specifying different strategies for ASC spec-
ification, we now devote the rest of this section to
compare them. For any constraint subspace C, the
likelihood maximization (8) reduces to

def[max £(B, 0, c)

A det | T2
I1(C) o —

B € RY, ¢c € C,

whose solution is a particular solution of (8). Defin-
ing R to be any full-rank matrix whose columns
span C, the constrained problem I1(C) can be fur-
ther reformulated as an unconstrained problem
given by

max £(B, 6, Rz)
[I(C, R) = { B«
B ERYy 6€ RY, 2z e RE
(35)

Equations (28), (31), and (384) provide examples of
such R.

The next theorem emphasizes that moving from
one particular unconstrained problem to another is
equivalent to a linear transformation of the vari-
ables.

THEOREM 7. Let C; and C, be two constraint sub-
spaces verifying (25), and spanned by the columns of
the full rank matrices R, and R,, respectively. We
then have that

Sf()B’ 6’ R222) = §£([3, 6’ RZTZI)
for any z,, z, € R'®1=2, where the linear nonsingular
operator T is defined as

T = R;FoR, = (RiR;)'RiFcR,,  (36)

where the superscript * denotes the Moore-Penrose
generalized inverse, and F, is the projection on C,
along the invariant subspace M.

Proof. Recalling that the log-likelihood function
remains invariant along directions lying in M, we
denote by

M(c) ={c +z|]z € M} (37)

the translated invariant subspace of the log-likeli-
hood function at any point of the form (B, 6, ¢). We

then define the (generally nonorthogonal) projection
onto a constraint subspace C along M by

Fee =M(c) N C, (38)

for any ¢ € R” and any choice of the subspace C,
where the intersection of the right-hand side is
unique because of (25). This projection has the im-
portant property that it does not alter the value of
the log-likelihood function, in the sense that

£(B, 0, c) = £(B, 6, Fce) (39)

for all choices of C, B, 6 and all ¢ € R". Because
M(c) = M(Fcc) holds by definition for all ¢ and for
each constraint subspace C, we deduce the impor-
tant property that, for any constraint subspaces C,
and C, the restriction of F, to C, is bijective from
C,toC,; and

F01F0201= Ci, (40)

for each ¢; € C;. Note also that Fo = P,, the
orthogonal projection onto C, as defined in Theorem 6.

The result is directly obtained from definition
(38). The nonsingularity of the linear operator re-
sults from (40) and the definition of the generalized
inverse of a full rank matrix R* = (RTR)™'R7,
yielding T~' = R{F¢ R,. O

This theorem raises the question whether local
maxima of I[1(C,) correspond, through the mapping
T, to local maxima of I1(C5). This point is settled by
the following easy corollary.

COROLLARY 8. Let C; and C, be two constraint sub-
spaces verifying (25), spanned by the columns of the
full rank matrices R, and R,, respectively. Also let
(B, 9, z,) be an (isolated) local maximum of problem
II(C,, R,). Then (B, 0, Tz,) is an (isolated) local
maximum of problem I1(C,, R,).

Proof. The result immediately follows from the
observation that problem II(C,, R,) can be deduced
from II{C, R,) by the nonsingular linear transfor-
mation 7' defined by (36). O

This confirms the well-known result that the op-
timal values of 8 and 6 do not depend on the partic-
ular specification of the ASCs, that is, on the partic-
ular choice of the constraint subspace C.

The next theorem investigates the geometric prop-
erties of the log-likelihood function for different ASC
specification strategies, that is, for different choices
of C. This is obtained from the comparison of the
curvature of £( +) in directions s belonging to C and
C,, where &£ is considered, for given 8 and 6, as a
function of ¢ only. This curvature is given by the
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Fig. 2. Subspaces for a simple binomial example.

Rayleigh quotient
def sTVZL(c)s

plc, s) = TTE (41)
where || - || is the Euclidean norm.

THEOREM 9. Let C be an arbitrary constraint sub-
space verifying (25), and let P, be the orthogonal
projector onto C . Then we have that, for all ¢ € R™
and s € C,

ple, s) = p(e, P,s)cos’a, (42)
where « is the angle between s and P s.

Proof. The proof is obtained immediately from
Definition (41) of the Rayleigh quotient, from the
definition of cos «,

sTP s
oS o = ——5—T,
Isll 1P sl

and from the invariance of the Hessian under or-
thogonal projection, as shown by Theorem 6, that is

sTV:L(c)s = P sTV2L(c) P s. O

As an immediate corollary, we observe that the
maximum curvature of the objective function is ob-
tained with directions lying in the orthogonal sub-
space C |, as illustrated in the following example.

Consider a binomial model, where the systematic
component of the utility functions is composed only
of ASCs: V, = ¢; and V,, = c,. A sample of size ¢ is
available, where €/2 individuals have chosen alter-
native 1, while the other ¢/2 have chosen alternative
2. Obviously, the maximum likelihood is obtained
with any value of ¢, and ¢, such that ¢; = c,.

Figure 2 represents the invariant subspace M and
two possible constraint subspaces: C, (the orthogo-
nal subspace) and C,, (the subspace used with the
classical strategy, defined by (29)).

Constraining the log-likelihood function %(c, c,)
to subspaces M, C |, and C,,,, respectively, yields the
corresponding one-variable functions, which are
plotted on Figure 3. Using Theorem 9, and noting
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Fig. 3. Variation of the curvature.

that the angle a = 45° (and so cos? o = 1), the
curvature of the constrained log-likelihood function
is doubled if the orthogonal strategy is preferred
over the classical one.

4. ALGORITHMIC IMPLICATIONS AND PRACTICAL
COMMENTS

WE NOW ANALYZE the impact of choosing one partic-
ular strategy on the behavior of algorithms which
maximize the log-likelihood function. Changing the
strategy is equivalent to a linear transformation of
the variables, as proved by Theorem 7. Some algo-
rithms are independent of such transformation:
Newton’s method and quasi-Newton’s methods of
the Broyden family, combined with line searches,
are some of the most popular techniques having this
property. A detailed analysis of the invariance of
algorithms is provided by FLETCHER (1987, pages
57-62). However, most of the methods designed to
explicitly handle nonconcavity in the quadratic
model, like trust region methods (used namely in the
HieLoW package by Bierlaire (1995)) and modified
Newton methods (like the version described by
BERNDT et al. (1974), used namely in ALOGIT (Daly,
1987), and DFP, used in LIMDEP, Version 7.0
(1995), are not independent from a linear transfor-
mation of the variables.

In theory, trust region and modified Newton’s
methods can both be viewed as resolving the indef-
initeness or singularity of the Hessian by subtract-
ing from it a positive multiple of the identity matrix,
to obtain a safely negative definite matrix V2¢ — AL
The geometrical property of the orthogonal strategy,
characterized by Theorem 9, insures A to be mini-
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mum in this case. The choice of the orthogonal strat-
egy therefore implies an optimal behavior of such
algorithms, in that the true Hessian is perturbed as
little as possible.

Finally, we observe that, if the estimation algo-
rithm does not feature a scaling invariant stopping
criterion, then the maximization can be terminated
prematurely, if the orthogonal strategy is not used.
Indeed, from Theorem 6 and the strict triangular
inequality, the norm of the gradient is smaller than
the norm of its projection onto the orthogonal sub-
space. This effect increases when the chosen con-
straint subspace approaches the invariant subspace.

Before concluding the paper, we mention some
practical aspects of the ASC specification in general,
and of the orthogonal strategy in particular.

1. The geometrical property of the orthogonal strat-
egy described by Theorem 9 is based on an or-
thogonal projection onto C, . Therefore, the ma-
trix R, in problem II(C,,R,) has to be
orthogonal. It is not a severe restriction, because
the matrices typically arising in this context can
be orthogonalized through a Gram-Schmidt or a
Householder process (see, for instance, GOLUB
and VAN LOAN, 1989).

2. We emphasize that the choice of the alternatives
whose ASC are constrained to be zero in elemen-
tal and structural strategies is not arbitrary. In-
deed, a different choice corresponds to a different
constraint subspace. The behavior of an algo-
rithm which is not invariant with regard to a
linear transformation of the variables, can there-
fore differ from one choice to another.

3. The results of estimating ASCs using the orthog-
onal strategy may not be interpreted in a
straightforward way. However, an equivalent
and clearer solution can be easily obtained from
the characterization (16) of the invariant sub-
space. Considering the example corresponding to
Figure 1, suppose that (c%, ¢%, c%, ¢%, ¢%, ¢¥) are
the values of the ASCs provided by the orthogo-
nal strategy. It can be easily verified that the
corresponding values for the elemental strategy,
where ASC associated to node 1 has been con-
strained to be zero, are (0, c% —c%, O,
ch—ch—c% 0, ¢k —c% ~ct — ck). This re-
sult is directly obtained from the expression (20)
of the invariant subspace basis, and is easy to
implement.

4. Automatic specification of all the strategies de-
scribed in this paper has been included in
HieLoW (Bierlaire, 1995).

5. CONCLUSION

LOG-LIKELIHOOD ESTIMATION of multinomial and
nested logit models is a technique present in many
applications, particularly for transportation demand
analysis and forecast. In this paper, the overspecifi-
cation of the associated log-likelihood function due
to the ASCs has been analyzed in detail and a geo-
metrical description has been derived. The proposed
formulation for the invariant subspace has been
proved to fully characterize the overspecification
due to the ASCs. Moreover, the subspace containing
all the relevant geometrical information has been
identified as the subspace orthogonal to the invari-
ant subspace. This result has provided a natural
technique, called the orthogonal strategy, to over-
come the overspecification problem, by imposing fea-
sible solutions to lie in this particular subspace.
Since the orthogonal strategy does not seem to be
used in practice, other classical strategies have also
been presented. The relationship between any two
arbitrary strategies has been characterized by a
nonsingular linear transformation of the maximiza-
tion problem variables. We recommend using the
orthogonal strategy in practical applications, not
only because of its maximum curvature property,
which has desirable algorithmic implications, but
mainly because all the geometrical information of
the likelihood function lies in the orthogonal sub-
space. The orthogonal strategy is therefore the most
natural way of removing the overspecification.
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